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1 Governing Equations for Precipitating Convection

For precipitating convection, we have the following set of equations for potential
temperature, θ, mixing ratios of water vapor, w, cloud water, l, and rainwater, r;

dθ

dt
=

L

cpπ̄
(C − Er) + Dθ

dw

dt
= −(C − Er) + Dw

dl

dt
= C − Ar + Dl

dr

dt
=

1

ρ̄

∂

∂z
(ρ̄V r)− Er + Ar + Dr

The dynamics are governed by the equations for the x−, y−, and z− velocity
components, U , V , and W ; and non-dimensional pressure perturbation, π1:

dU

dt
= −cpθ̄v

∂π1

∂x
+ DU

dV

dt
= −cpθ̄v

∂π1

∂y
+ DV

dW

dt
= −cpθ̄v

∂π1

∂z
+ g

(
θ − θ̄

θ̄
+ 0.61(w − w̄)− l − r

)
+ DW

∂π1

∂t
= − c2

s

cpθ̄v
2

[
∂

∂x
(θ̄vU)

∂

∂y
(θ̄vV ) +

∂

∂z
(θ̄vW )

]
.
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where θv is the virtual potential temperature, C is the net condensation rate, Er

is the rain evaporation rate, Ar is the cloud-to-rain water conversion rate, and Di

represents the effects of turbulent mixing. Overbars indicate hydrostatic, reference
state values. The hydrostatic reference state obeys

dπ̄

dz
= − g

cpθ̄v

,

where π, the nondimensional pressure (Exner function), is defined as

π ≡
(

p

p0

)R/cp

where p0 is a constant reference pressure. T is given by

T = π̄θ.

2 Parcel Model

The parcel model assumes that convection consists of discrete buoyant parcels, often
called thermals. The goal of the parcel model is to predict the average properties of
such thermals. In the simplest versions of the parcel model, we assume that π′ = 0,
and that any rain falls out of the parcel immediately. In the parcel model, the
turbulent mixing terms Di represent entrainment of environmental air.

The resulting equations for the average properties of a parcel are:

dθ

dt
= γC + Dθ (1)

dw

dt
= −C + Dw (2)

dl

dt
= C − Ar + Dl (3)

dW

dt
= g

(
θ − θ̄

θ̄
+ 0.61(w − w̄)− l

)
+ DW (4)

where γ ≡ L/(cpπ̄).
This set governs the properties of an air parcel as it undergoes ascent or descent.

The vertical velocity equation determines the rate of ascent or descent of the parcel,
and therefore its height as a function of time. We can determine the parcel’s pressure
from its height using the hydrostatic equation since π′ = 0.
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3 Saturation Adjustment

In general, this set of equations must be solved (or integrated) numerically. Given the
initial parcel properties, we use the differential equations to calculate the change of
the parcel properties over a small time interval. We then use the calculated changes
to update the parcel properties. This process is repeated as many times as desired.

Each small time interval, or time step, corresponds to a change in the parcel’s
pressure from pn to pn+1 = pn + ∆p where n is the old time level and n + 1 denotes
the new time level. For computational purposes, we consider the changes that occur
in the parcel’s properties during each time step to take place in two stages:

1. All processes operate except phase changes involving cloud droplets (C = 0).

2. Only phase changes involving cloud droplets operate (C 6= 0).

This two-stage process is very nearly thermodynamically equivalent to the actual,
continuous process.

Let the values of θ, w, and l after the first stage be θ∗, w∗, and l∗. The air may be
subsaturated, supersaturated, or exactly saturated at this point. It is observed that
supersaturation is very small in real clouds. We will simply assume that supersatura-
tion does not occur. We will also assume that cloud droplets evaporate immediately
when the relative humidity falls below 100%. In other words, when the air is satu-
rated, w = ws(T, p), where ws is the saturation mixing ratio, and when unsaturated,
l = 0. Saturation adjustment, the second stage, enforces these conditions.

During the saturation adjustment,

∆θ = γC∆t,

∆w = −C∆t,

∆l = C∆t,

where ∆φ ≡ φn+1 − φ∗, for any variable φ, and ∆t is the time step. See Fig. 1. The
unknown C can be eliminated from this set of equations by forming the following
set:

∆θ + γ∆w = 0,

∆w + ∆l = 0.

These imply that:
θn+1 + γwn+1 = θ∗ + γw∗ (5)

wn+1 + ln+1 = w∗ + l∗. (6)
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These two equations express conservation of energy (first law of thermodynamics)
and conservation of suspended water mixing ratio (vapor and cloud droplets), re-
spectively. They also form a set of two equations in three unknowns: θn+1, wn+1,
and ln+1. This means that before we can solve for the unknowns, we need to provide
another equation.

We stated above that we will assume that when the air is saturated, w = ws, and
when unsaturated, l = 0. At any given time, only one of these conditions can hold.
We first assume that the air will be exactly saturated after adjustment, so that

wn+1 = ws(T
n+1, pn+1), (7)

where ws(T, p) is the saturation mixing ratio,

ws(T, p) = 0.622
es(T )

p− es(T )
, (8)

and es(T ) is the saturation vapor pressure. One may use Bolton’s (1980) formula for
es(T ):

es(T ) = 6.112 exp
(

17.67Tc

Tc + 243.5

)
, (9)

where es is in mb, Tc = T − T0, and T0 = 273.15 K.
Equation (7) closes the set (5), (6), and (7). However, this set must be solved

iteratively because ws is a non-linear function of T . To obtain a direct (non-iterative)
solution, expand ws in a Taylor series in T about ws(T

∗, pn+1) and neglect all terms
of second and higher order:

wn+1 ≈ ws(T
∗, pn+1) +

(
∂ws

∂T

)
T=T ∗,p=pn+1

(T n+1 − T ∗). (10)

The set (5), (6), and (10) can now be solved algebraically for θn+1, wn+1, and ln+1.
To solve the set, we first write (10) in terms of θ instead of T :

wn+1 = w∗
s + α∗(θn+1 − θ∗), (11)

where w∗
s ≡ ws(T

∗, pn+1), α∗ ≡ α(T ∗, pn+1), and

α(T, p) ≡ 0.622
πp

(p− es(T ))2

(
des

dT

)
T

. (12)

For des/dT , one may use the Clausius-Clapeyron equation:

des

dT
=

Les

RvT 2
, (13)
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where L = 2.5× 106 J/kg and Rv = 461.5 J/(kg K).
Now use (11) in (5) to eliminate wn+1. Then solve for θn+1:

θn+1 = θ∗ +
γ

1 + γα∗
(w∗ − w∗

s). (14)

Once θn+1 is known from (14), we can immediately obtain wn+1 from (11), and ln+1

from (6).
If wn+1 ≤ w∗+l∗, then (6) implies that ln+1 ≥ 0. This means that our assumption

that the air is saturated is correct. If wn+1 > w∗+ l∗, (6) implies that ln+1 < 0, which
is impossible and means that our assumption of saturation is incorrect. Therefore,
the air is not saturated, so

ln+1 = 0 (15)

replaces (10). Then (5) and (6) become

wn+1 = w∗ + l∗, (16)

θn+1 = θ∗ − γ(wn+1 − w∗). (17)
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Figure 1: Saturation adjustment.
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4 Diabatic Processes

Both adiabatic and diabatic processes affect the thermodynamic properties of a par-
cel. These properties are governed by (1)-(3). Condensation of water vapor to form
cloud droplets and evaporation of cloud droplets to form water vapor are (saturated)
adiabatic processes. The net condensation rate is positive when more water is con-
densing than is evaporating, and negative when more water is evaporating than is
condensing. In (1)-(3), the net condensation rate is denoted by C. It is implicitly
determined by the saturation adjustment algorithm. The remaining processes, con-
version of cloud water to rain (Ar) and entrainment (Dθ, Dw, Dl), are diabatic. They
are usually represented explicitly.

In (1)-(3), the process rates are per unit time interval. For example,

Ar ≡
(

dl

dt

)
conversion to rain

=

(
dr

dt

)
conversion from cloud water

.

We are often more interested in how the thermodynamic properties of a parcel change
with pressure than with how they change with time. The equations that govern the
rates of change with pressure of a parcel’s thermodynamic properties are obtained
from (1)-(3) by dividing by −dp/dt:

−dθ

dp
= γĈ + D̂θ (18)

−dw

dp
= −Ĉ + D̂w (19)

− dl

dp
= Ĉ − Âr + D̂l (20)

In (18)-(20), the process rates are per unit decrease in pressure.
As before, the net condensation rate, Ĉ, in (18)-(20), is implicitly determined

by the saturation adjustment algorithm. The diabatic processes, conversion of cloud
water to rain (Âr) and turbulent mixing (D̂θ, D̂w, D̂l), remain to be specified.
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4.1 Precipitation Formation

A very simple formulation of the conversion rate of cloud water to rain is

−Âr ≡
(
− dl

dp

)
conversion to rain

= −Ĉ1 l, (21)

for dp/dt < 0 only, with Ĉ1 = 2× 10−2 mb−1.
An alternative formulation1 is

Ãr ≡
(

dl

dz

)
conversion to rain

= −C̃2 l, (22)

for dz/dt > 0 only, with C̃2 = 0.15 km−1. This rate represents the net loss, that is
both the loss of condensate by precipitation from a parcel and the gain of condensate
as precipitation falls into it from above. It was empirically determined from a cloud-
resolving model simulation and is expected to vary when, for example, vertical shear
is included.

4.2 Entrainment

The other terms in (18)-(20) represent the effects of entrainment. Entrainment is
the incorporation of environmental air into the parcel (Fig. 2). The fractional rate of
entrainment of a parcel of mass m that entrains a blob of mass dm while the pressure
changes by −dp (due to ascent) is

λ̂ ≡ − 1

m

dm

dp
.

The rate of change of a scalar φ due to entrainment is

D̂φ ≡
(
−dφ

dp

)
entrainment

= −λ̂(φ− φe), (23)

where φe is the value of φ in the entrained air. We can derive (23) from(
−dφ

dp

)
entrainment

= lim
∆p→0

φafter ent − φbefore ent

−∆p
(24)

1Kuang, Z. and C. S. Bretherton, 2006: A mass-flux scheme view of a high-resolution simulation
of a transition from shallow to deep cumulus convection. J. Atmos. Sci., 63, 1895–1909.
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Figure 2: Entrainment.
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using
φbefore ent = φ (25)

and

φafter ent =
mφ + ∆m φe

m + ∆m
. (26)

Substitution of (25) and (26) into (24) gives(
−dφ

dp

)
entrainment

= lim
∆p→0

1

m + ∆m

∆m

∆p
(φ− φe)

=
1

m

dm

dp
(φ− φe)

= −λ̂(φ− φe).

By applying (23) to θ, w, and l, we obtain

D̂θ = −λ̂(θ − θe), (27)

D̂w = −λ̂(w − we), (28)

D̂l = −λ̂(l − le) = −λ̂l. (29)

In cumulus clouds, the fractional rate of entrainment, λ ≡ (1/m) dm/dz, ranges
from about 0.1 km−1 to 2 km−1. Cloud-top height is largely determined by λ: deep
clouds are associated with small values, and shallow clouds with large values. Field
studies suggest that λ ∼ 0.2/R, where R is the cloud radius.

5 Parcel Vertical Velocity

Equation (4) for the parcel vertical velocity neglects the vertical perturbation pres-
sure gradient acceleration, which can be significant. We will include and then param-
eterize this acceleration. The complete equation for the parcel’s vertical acceleration
that was presented in section 1 is

dW

dt
= −cpθ̄v

∂π1

∂z
+ g

(
θ − θ̄

θ̄
+ 0.61(w − w̄)− l − r

)
+ DW ,

or in abbreviated form,
dW

dt
= P + B + DW . (30)
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The rate of change of W due to entrainment is

DW ≡
(

dW

dt

)
entrainment

= − 1

m

dm

dt
W

if the entrained air has zero vertical velocity.
It is desirable to convert the time derivatives to height derivatives using W =

dz/dt. We obtain
dW

dt
=

W dW

W dt
= W

dW

dz
=

1

2

dW 2

dz
and

dm

dt
=

W dm

W dt
= W

dm

dz
,

so that

DW = − 1

m

dm

dt
W = − 1

m

dm

dz
W 2 = −λ W 2,

where

λ ≡ 1

m

dm

dz
.

Equation (30) becomes
1

2

dW 2

dz
= P + B − λ W 2. (31)

To apply (31) to a parcel, we need to parameterize P , the vertical perturbation
pressure gradient acceleration. P is primarily produced by the parcel’s motion rel-
ative to the air around it, and acts to decelerate the parcel’s motion relative to the
fluid, and is therefore often called form drag. Form drag arises because of the form
of the object. The general size and shape of the body is the most important factor in
form drag: bodies with a larger apparent cross-section will have a higher drag than
thinner bodies. Form drag increases with the square of the parcel’s speed.2 There-
fore, form drag is often parameterized by increasing the entrainment term, which
also increases with W 2. A vertical perturbation pressure gradient acceleration is
also produced directly by buoyancy (that is, even without any parcel motion) that
opposes the buoyancy acceleration, B. This contribution to P is often parameterized
by reducing B. If we include both of these parameterizations in (31), the result is

1

2

dW 2

dz
= aB − b λ W 2. (32)

The values used for a range from 1/3 to 1, while for b, 2 has been widely used.

2http://en.wikipedia.org/wiki/Parasitic drag#Form drag
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