
Analysis of fluid flow

• Uniform density: Dimensional analysis

• Plume (space)

• Thermal (time)

• Stably stratified fluid: Calculus, Geometry



Anelastic approx.



Boussinesq approx



Local convection



Local convection



Local convection



Plume Case
• Assumptions



Buckingham Pi theorem



Plume
• Properties depend only on F and z

• Derive on board



Plume

• What should the equation be for the mean 
radius of the plume?



Plume
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proportional to w. Yih (1951) obtained experimental results for turbulent
plumes in air confined to a large, closed room. His results are

w = 4.7
F

1/3

z1/3
exp

✓
�96r2

z2

◆
,

B = 11.0
F

2/3

z5/3
exp

✓
�71r2

z2

◆
,

R = 0.12z.

The latter shows the mean plume to have a conical cross section whose
boundaries lie at an angle of about 7� to the vertical. The streamlines and
isotherms corresponding to the above measurements are shown in Figure
2.2.

2.3 Turbulent plumes originating from a maintained line source

When the heat source is in the form of a line rather than a point, the
resulting plume will have the general form of a wedge, and the boundary
flux of heat will of necessity be defined per unit length along the line source:

F =

Z 1

�1
wB dx,

where x is in the direction normal to the line. Again, the turbulent flow
cannot depend on ⌫ or  but only on F and the spatial variables x and
z. Assuming once again a separable spatial dependence, a similarity solu-
tion is easily obtained. Measurements by Humphreys (see Rouse, Yih, and
Humphreys, 1952) verify the similarity solution and indicate that w, B,
and R have the forms

w = 1.80 G (F, z) exp

✓
�32x2

z2

◆
,

B = 2.6 H (F, z) exp

✓
�41x2

z2

◆
,

R = 0.16z,

(2.3.1)

in which the functions G and H are the similarity solutions for the F and
z dependences; their derivation is left to the reader in Exercise 2.1.

A curious phenomenon occurs when convection is initiated by two par-
allel line sources. It appears that since the two plumes cannot continuously
entrain the ambient air that lies between them, they entrain each other and
become a single plume located midway between the sources. This plume
behaves as though a single line source were located beneath it (see Figure
2.3).



Plume mass flux

• Mass flux proportional to W times Area

• Derive on board



Plume mass flux

• Mass flux proportional to W times Area

• Derive on board



Line source of 
convection

• Similar analysis, except now F has units of 
buoyancy flux per unit length (along the 
source)



Thermals



Thermals



Thermals

• Same as plumes, but now regard time as the 
key variable rather than height

• The same assumptions for the plume still 
apply (self-similarity and Boussinesq)



Thermals



Thermals



Thermals
• How does z relate to t?



Thermals
• How does z relate to t?



Thermals
• Plot of z^2 vs t with thermal outline



Turbulent convection in 
stably stratified fluid

• Stable means density increases with height

• Even without entrainment, positive 
buoyancy is reduced as the buoyant 
element moves upward



Turbulent convection in 
stably stratified fluid

• Adding an additional parameter (stability)

• Use the actual governing equations 
(Boussinesq)

• Must assume a geometric structure



Turbulent convection in 
stably stratified fluid
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Fig. 2.6 Incremental volume over which the vertical momentum equation is

integrated.

4) The flow is Boussinesq.

For the third assumption above, we take u = �↵w where u is the mean
turbulent radial velocity and ↵ is a constant which is proportional to the
fractional entrainment of mass. This is exactly true in the unstratified case,
but is an important assumption here.

In this example we assume a top-hat profile. Integrating the Boussinesq
mass continuity equation in radial coordinates over the horizontal area of
the plume, we find
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or, using the entrainment relation,

2⇡↵Rw =
@

@z

�
⇡R

2
w
�
. (2.7.1)

This relation merely shows that the increase of mass flux with height is pro-
portional to the entrainment of mass through the boundary of the plume.

Now consider the steady form of the Boussinesq vertical momentum
equation in which, in this case, we neglect the perturbation pressure gra-
dient acceleration [the Froude number is assumed small; see Eq. (1.3.16)]:

dw

dt
= r ·Vw = B.

The above is integrated over the incremental volume depicted in Figure
2.6: Z 2⇡

0

Z R

0

Z z+�z

z
r ·Vw d⌧ =

Z 2⇡

0

Z R

0

Z z+�z

z
B d⌧.

By the divergence theorem, the term on the left may be expressed as
a surface integral:

Z Z
wV · n̂ dS =

Z 2⇡

0

Z R
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Z z+�z

z
B d⌧,



Top hat profile

• Flights through shallow cumulus (Rodts et 
al. 2003 (JAS)
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Fig. 2.5 “Top-hat” profile (left) and Gaussian profile (right). The latter has a

radial dependence of the form exp(�r2/R2
).

It should be remarked that although a point source cannot be created
in the laboratory, the similarity solutions for a point source should nev-
ertheless describe the behavior of the plume at heights su�ciently large
compared to the actual dimensions of the source.

2.7 Turbulent convection in stably stratified fluid

The density stratification of the ambient fluid through which a plume as-
cends will influence the buoyancy of the plume; presumably a stably strat-
ified environment will eventually lead to a neutral or negative buoyancy
within the plume, while the plume may be expected to ascend more rapidly
in an unstably stratified environment.

When the ambient fluid is stratified, an additional parameter describ-
ing the stratification is necessary to fully describe the system. Here again,
dimensional analysis is insu�cient to determine all properties of the sys-
tem, though certain aspects of the convection may be deduced from the
dimensions of the parameters above. Other assumptions are necessary to
define the system.

It will be convenient at this point to make more explicit use of the
governing equations, though simple similarity solutions do exist for the
case where the stratification of the ambient fluid is uniform and unstable
(see Batchelor, 1954). Following Morton, Taylor, and Turner (1956), we
will assume a particular radial dependence of the velocity and buoyancy,
and integrate the governing Boussinesq equations over a horizontal plane.
The particular form of the radial dependence we choose will only a↵ect
the numerical value of the coe�cients in the resulting relations for w and
B but not their dependence on z or the boundary flux of buoyancy. We
will choose for a particular problem one of two radial profiles: a “top-hat”
profile and a Gaussian profile (see Figure 2.5).

The primary assumptions made in the course of solving the governing
equations are borrowed from the self-similar solutions in unstratified flow:

1) The flow is steady.
2) The radial profiles of mean vertical velocity and mean buoyancy are

similar at all heights.
3) The mean turbulent inflow velocity is proportional to vertical velocity.
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Fig. 2.6 Incremental volume over which the vertical momentum equation is

integrated.

4) The flow is Boussinesq.

For the third assumption above, we take u = �↵w where u is the mean
turbulent radial velocity and ↵ is a constant which is proportional to the
fractional entrainment of mass. This is exactly true in the unstratified case,
but is an important assumption here.
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mass continuity equation in radial coordinates over the horizontal area of
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This relation merely shows that the increase of mass flux with height is pro-
portional to the entrainment of mass through the boundary of the plume.

Now consider the steady form of the Boussinesq vertical momentum
equation in which, in this case, we neglect the perturbation pressure gra-
dient acceleration [the Froude number is assumed small; see Eq. (1.3.16)]:
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Continuity Equation
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Continuity Equation



Vertical Momentum



Vertical Momentum



Vertical Momentum



Vertical Momentum



Thermodynamic Eq’n
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Thermodynamic Eq’n
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where n̂ is the unit normal vector to the surface (S) of the volume of
integration. As w vanishes at the lateral boundaries of the plume, the above
becomes
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Finally, we integrate the buoyancy equation over the incremental volume
shown in Figure 2.6

dB

dt
= 0 = r ·VB,

Z Z Z
r ·VB d⌧ =

Z Z
BV · n̂ dS = 0.

We shall use ✓ to denote the plume temperature, ✓ to represent the tem-
perature of the ambient fluid, and ✓0 as a constant reference temperature.

Evaluating the surface integral over the top, bottom, and lateral sur-
faces in Figure 2.6, we find
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Since, from (2.7.1),
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(2.7.3) may be rewritten:
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The above is multiplied through by g/✓0 and we arrive at
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where
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N has the dimensions of (time)�1 and is called the Brunt-Väisälä or buoy-
ancy frequency. In a stably stratified fluid, N is the frequency at which an
infinitesimal sample of fluid oscillates if displaced vertically.

In summary, then, the following horizontally integrated Boussinesq
equations for mass, momentum, and heat will be used:
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Note that if ✓ is constant (neutral stratification), then N
2 = 0 in (2.7.7)

and R
2
wB = constant = F/⇡ where F is the boundary buoyancy flux. The

remaining equations are easily solved by substituting solutions of the form

w = Az
n
,

R = Cz
`
,

with A, C, n, ` to be determined. One arrives at the horizontally integrated
form of the similarity solution (see Section 2.2).

Solutions are also readily obtained if the fluid is unstably stratified
(N2

< 0) and N
2 is of the form

N
2 = �Sz

p
, (2.7.8)

when S and p are constants. Then by substituting solutions of the form

w = Az
n
,

B = Cz
m
,

R = Dz
`
,
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Equation Summary


