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Lecture 1

Scope of Boundary Layer (BL) Meteorology

In classical fluid dynamics, a boundary layer is the layer in a nearly inviscid fluid next to a sur-
face in which frictional drag associated with that surface is significant (term introduced by Prandtl,
1905). Such boundary layers can belaminar or turbulent, and are often only mm thick.

In atmospheric science, a similar definition is useful. Theatmospheric boundary layer  (ABL,
sometimes called P[lanetary] BL) is the layer of fluid directly above the Earth’s surface in which
significant fluxes of momentum, heat and/or moisture are carried by turbulent motions whose hor-
izontal and vertical scales are on the order of the boundary layer depth, and whose circulation ti-
mescale is a few hours or less (Garratt, p. 1).  A similar definition works for the ocean.

The complexity of this definition is due to several complications compared to classical aerody-
namics.

i) Surface heat exchange can lead to thermal convection

ii) Moisture and effects on convection

iii) Earth’s rotation

iv) Complex surface characteristics and topography.

BL is assumed to encompass surface-driven dry convection. Most workers (but not all) include
shallow cumulus in BL, but deep precipitating cumuli are usually excluded from scope of BLM
due to longer time for most air to recirculate back from clouds into contact with surface.

Air-surface exchange

BLM also traditionally includes the study of fluxes of heat, moisture and momentum between
the atmosphere and the underlying surface, and how to characterize surfaces so as to predict these
fluxes (roughness, thermal and moisture fluxes, radiative characteristics). Includes plant canopies
as well as water, ice, snow, bare ground, etc.

Characteristics of ABL

The boundary layer itself exhibits dynamically distinct sublayers
i) Interfacial sublayer - in which molecular viscosity/diffusivity dominate vertical fluxes

ii) Inertial layer - in which turbulent fluid motions dominate the vertical fluxes, but the dominant
scales of motion are still much less than the boundary layer depth. This is the layer in which
most surface wind measurements are made.

• Layers (i) + (ii) comprise the surface layer.  Coriolis turning of the wind with height is not
evident within the surface layer.

iii) Outer layer - turbulent fluid motions with scales of motion comparable to the boundary layer
depth (‘large eddies’).

• At the top of the outer layer, the BL is often capped by anentrainment zone in which turbulent
BL eddies are entraining non-turbulent free-atmospheric air. This entrainment zone is often
associated with a stable layer or inversion.

• For boundary layers topped by shallow cumulus, the outer layer is subdivided further into
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subcloud, transition, cumulus and inversion layer.

Boundary layers are classified asunstable if the air moving upward in the turbulent motions
tends to be buoyant ( less dense) than in the downdrafts, andstable if the reverse is true. If there is
negligible buoyancy transport within the BL, it is calledneutral. On a hot sunny morning, surface
heating causes the boundary layer to become strongly unstable, and convect vigorously with outer
layer updrafts of 1-3 m s-1 which are a few tenths of a K warmer than the downdrafts, transporting
several hundred W m-2 of heat upward.  In desert regions such BLs can grow to a depth of 5 km or
more by afternoon, though typical summer early afternoon BL depths over  Midwest, Seattle, etc.
are 1-2 km. At night, the surface cools by radiation. The BL depth can become as little as 50 m on
a clear calm night, and the BL tends to bestable, with weak downward buoyancy fluxes.  Rarely
is an ideal neutral ABL observed, but with strong winds, buoyancy effects can become relatively
unimportant, especially for winds over the oceans blowing along contours of constant SST.

Typical ABLs over the ocean tend to be slightly unstable, with little diurnal cycle due to the
near-constancy of SST. BL depths vary from a few hundred m in regions of warm advection to
1.5-3 km where cold advection has led to shallow cumuli (subtropical trade wind belts, cold air
outbreaks). In regions of deep convection, a BL top can be difficult to define.

Within the ocean, there is also an oceanic BL driven by surface wind stress and sometimes con-
vection, and considerably affected by the absorption of radiation in the upper ocean. It is usually
but not always stable.  The oceanic BL can vary from a few m deep to a few km deep in isolated
locations (e. g. Labrador Sea) and times where oceanic deep convection is driven by intense cold
air advection overhead.

Applications and Relevance of BLM

The boundary layer is the part of the atmosphere in which we live and carry out most human
activities. Furthermore, almost all exchange of heat, moisture, momentum, naturally occurring par-
ticles, aerosols, and gasses, and pollutants occurs through the BL. Specific applications

i) Climate simulation and NWP - parameterization of surface characteristics, air-surface ex-
change, BL thermodynamics fluxes and friction, and cloud. No climate model  can succeed
without some consideration of the boundary layer. In NWP models, a good boundary layer
is critical to proper prediction of the diurnal cycle, of low-level winds and convergence, of

Garratt fig 1.1
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effects of complex terrain, and of timing and location of convection. Coupling of atmospheric
models to ocean, ice, land-surface models occurs through BL processes.

ii) Air Pollution and Urban Meteorology - Pollutant dispersal, interaction of BL with mesoscale
circulations. Urban heat island effects.

iii) Agricultural meteorology- Prediction of frost, dew, evapotranspiration.

iv) Aviation- Prediction of fog formation and dissipation, dangerous wind-shear conditions.

v) Remote Sensing - Satellite-based measurements of surface winds, skin temperature, etc. in-
volve the interaction of BL and surface, and must often be interpreted in light of a BL model
to be useful for NWP.

History of BLM

1900 - 1910    • Development of laminar boundary layer theory for aerodynamics, starting with a
                         seminal paper of Prandtl (1904).

                 • Ekman (1905,1906) develops his theory of laminar Ekman layer.
1910 - 1940    • Taylor develops basic methods for examining and understanding turbulent mixing

                 • Mixing length theory, eddy diffusivity  -  von Karman, Prandtl, Lettau
1940 - 1950   • Kolmogorov (1941) similarity theory of turbulence
1950 - 1960   • Buoyancy effects on surface layer (Monin and Obuhkov, 1954)

                 • Early field experiments (e. g. Great Plains Expt. of 1953) capable of accurate
                         direct turbulent flux measurements
1960 - 1970   • The Golden Age of BLM. Accurate observations of a variety of boundary layer
                          types, including convective, stable and trade-cumulus. Verification/calibration
                          of  surface similarity theory.
1970 - 1980    • Introduction of resolved 3D computer modelling of BL turbulence (large-eddy
                         simulation or LES).  Application of higher-order turbulence closure theory.
1980 - 1990   • Major field efforts in stratocumulus-topped boundary layers (FIRE, 1987) and
                         land-surface, vegetation parameterization. Mesoscale modeling.
1990 -              The Age of Technology
                              • New surface remote sensing tools (lidar, cloud radar) and extensive space-based
                        coverage of surface characteristics;
                       • LES as a tool for improving parameterizations and bridging to observations.
                       • Coupled ocean-atmosphere-ice-biosphere and medium-range forecast
                         models create stringent accuracy requirements for BL parameterizations.
                          • Accurate routine mesoscale modelling for urban air flow; coupling to air pollution
                      •  Boundary layer - deep convection interactions (e. g. TOGA-COARE, 1992)
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                        Why is the boundary layer turbulent?

We characterize the BL by turbulent motions, but we could imagine a laminar BL in which
there is a smooth transition from the free-tropospheric wind speed to a no-slip condition against a
surface (e .g. a laminar Ekman layer). Such a BL would have radically different characteristics than
are observed.

Steady Ekman BL equations (z = height, surface atz = 0, free troposphere isz) :

- fv = ν d2u/dz2

 f(u - G) = ν d2v/dz2

u(0) = 0,u(∞) = G

v(0) = 0,v(∞) = 0

 Solution  (ζ = z/δ) for BL velocity profile

u(z) = G(1 - e-ζ cos ζ)
v(z) = G e-ζ sin ζ

Flow adjusts nearly to geostrophic within Ekman layer depthδ = (2ν/f)1/2  of the surface.With a
free tropospheric (geostrophic) velocity ofG in thex direction, the kinematic molecular viscosity
of airν = 1.4×10-5 m2 s-1 and a Coriolis parameterf = 10-4 s-1 , δ=  0.5 m, which is far thinner than
observed!

Hydrodynamic Instability

Laminar BLs like the Ekman layer are not observed in the atmosphere because they arehydro-
dynamically unstable, so even if we could artificially set such a BL up, perturbations would rapidly
grow upon it and modify it toward a more realistic BL structure. Three forms of hydrodynamic in-
stability are particularly relevant to BLs:

i) Shear instability

ii) Kelvin-Helmholtz instability

iii) Convective (Rayleigh-Benard) instability

By examining these types of instability, we can not only understand why laminar boundary layers
are not observed, but also gain insight into some of the turbulent flow structures that are observed.
The

Shear Instability

Instability of an unstratified shear flowU(z) occuring at high Reynolds numbers Re =VL/ν,

Holton, fig. 5.4
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whereV is a characteristic variation in the velocity across the shear layer, which has a characteristic
heightL. Here, ‘high’ means at least 103; an ABL with a shearV = 10 m s-1  through a boundary
layer of depth 1 km would have

Re = (10 m s-1 )(1000 m)/ (10-5 m2 s-1 ) = 109,

which is plenty high!
Inviscid shear flows can be  linearly unstable only if they have aninflection point whered2U/

dz2 = 0 (Rayleigh’s criterion, 1880)  and are definitely unstable if the vorticitydU/dzhas an extre-
mum somewhere inside the shear layer, not on a boundary (Fjortoft’s criterion, 1950). This ex-
cludes profiles such as linear shear flows or pipe flows between boundaries, but some such profiles
are in fact unstable at small but nonzero viscosity, and may still break down into turbulence.  The
Ekman layer profile has an inflection point, so is subject to shear instability (as well as a second
class of instability at moderately large Re of a few hundred).

In shear instability a layer of high vorticity rolls up into isolated vortices. A good example is
the von Karman vortex street that forms the the wake behind a moving obstacle.

Some shear flows. Dots indicate inflection points.

••
•

•

•

Tritton

van Dyke, p. 56
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Kelvin-Helmholtz Instability

 For an inviscid stratified shear layer with an inflection point, instability of the shear layer may still
occur if the stratification is sufficiently weak. Shear instability at the interface between two layers
of different densities was first investigated by Helmholtz (1868). Miles (1960) showed that for a
continuously varying system, instability cannot occur if the static stability, as measured by buoy-
ancy frequencyN is large enough that

Ri  = N2/(dU/dz)2> 1/4 throughout the shear layer

For lesser values of Ri, instability usually does occur.  The general form of this criterion can be
rationalized by considering the mixing of two parcels of fluid of volumeV at different heights. In
a flow relative coordinate system:

Lower parcel has height -δz,  initial densityρ − δρ,  velocity  - δU.

Upper parcel has height δz,  initial densityρ + δρ,  velocity δU.

HereδU = (dU/dz)δz, andδρ = (dρ/dz)δz, whereN2 = -(g/ρ) (dρ/dz). For simplicity we consider
an incompressible fluid, and assume each parcel has volumeV, at heights. The total initial energy
of the parcels is

Ei  = KEi + PEi

      =   0.5V{ (ρ − δρ)(- δU)2 + (ρ + δρ)( δU)2} + V{( ρ − δρ)g(- δz) + (ρ + δρ)g(δz)}

      = V{ ρ( δU)2 +2 gδρδz}
If the parcels are homogenized in density and momentum,

Lower parcel has height -δz,  final densityρ,  velocity 0.

Upper parcel has height δz,  final densityρ,  velocity 0.

The total final energy is

Ef   = KEf + PEf

       = 0  +V{ ρg(- δz) + ρg(δz)} = 0 ,

so the change in total energy is:

van Dyke, p. 85
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∆E   = Ef - Ei    =   -V{ ρ( δU)2 +2 gδρδz}
                            =Vρ( δz)2 {- (dU/dz)2  + 2N2}.

An energy reduction occurs if(dU/dz)2  > 2N2, i. e. if Ri < 1/2. In this case, residual energy is avail-
able to stir up eddy circulations. The reason this argument gives a less restrictive criterion for in-
stability than an exact argument is that momentum is not fully homogenized in instabilities of a
shear layer.

Convection

Thermal convection occurs if the potential density decreases with height in some layer.  Clas-
sically, this instability has been studied by considering convection between two parallel plates in
an incompressible fluid. The lower plate is heated to a fixed temperature that is larger than that of
the upper plate. In the absence of convection, the temperature profile within the fluid would vary
linearly with height due to conduction.  If the plates are a distanceh apart and have a temperature
difference∆T, and if the fluid has kinematic viscosityν and thermal diffusivityκ ( = 2×10-5 m2 s-1

for air), then convective instability occurs when the Rayleigh number

Ra =h3∆B/ νκ > 1700
Here∆B is the buoyancy change -g∆ρ/ρ associated with a temperature increase of∆T at a given
pressure; for air and other ideal gasses,∆B = g∆T / T. The instability is a circulation with cells with
comparable width to height, a property of thermal convection observed even when Ra is much larg-
er. Rolls and hexagonal patterns are equally unstable.

In the presence of a mean shear, the fastest growing convective instabilities are rolls aligned along
the shear vector, as seen in the cloud streets below.

               Slightly unstable convection in silicone oil van Dyke p. 82

Turner
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For ABL convection, the surface skin temperature can be a few kelvins warmer than the typical
boundary layer air temperature. Even with a small∆T = 1 K, we can estimate∆B  = (10 m s-2)(1
K)/(300 K) = 0.03 m s-2, h = 1000 m, and

Ra = (0.03 m s-2)(1000 m)3 /(1.4×10-5 m2 s-1)(2×10-5 m2 s-1) = 1017 !

so the atmosphere is very far indeed from the instability threshold due to the large lengthscales and
small viscosities.

Transition to turbulence

Each of these instabilities initially has a simple, regular circulation pattern. However, if the fluid
is sufficiently inviscid, three-dimensional secondary instabilities grow on the initial circulation,
and the flow becomes complex, irregular in time, and develops regions in which there are motions
on a variety of scales. This is a transition into turbulent motion. We don’t generally see this tran-
sition in the ABL, since the ideal basic state on which the initial instability grows is rarely realized.
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Lecture 2.  Turbulent Flow

Note the diverse scales of eddy motion and self-similar appearance at
different lengthscales of the turbulence in this water jet. Only eddies of size

L

0.01L or smaller are subject to substantial  viscous dissipation.
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Description of Turbulence

Turbulence is characterized by disordered, eddying fluid motions over a wide range of length-
scales. While turbulent flows still obey the deterministic equations of fluid motion,  a small initial
perturbation to a turbulent flow rapidly grows to affect the entire flow (loss of predictability), even
if the external boundary conditions such as pressure gradients or surface fluxes are unchanged.  We
can imagine an infinite family orensembleof turbulent flows all forced by the same boundary con-
ditions, but starting from a random set of initial flows. One way to create such an ensemble is by
adding random small perturbations to the same initial flow, then looking at the resulting flows at a
much later time when they have become decorrelated with each other.

Turbulent flows are best characterized statistically throughensemble averaging, i. e. averag-
ing some quantity of interest across the entire ensemble of flows.  By definition, we cannot actually
measure an ensemble average, but turbulent flows vary randomly in time and (along directions of
symmetry) in space, so a sufficiently long time or space average is usually a good approximation
to the ensemble average.  Any quantitya (which may depend on location or time) can be parti-
tioned

a =  + a´ ,

where  is theensemble mean of a,  anda´ is the fluctuating part or perturbation ofa. The ensem-
ble mean ofa´ is zero by definition;a´ can be characterized by a probability distribution whose
spread is characterized by thevariance . One commonly referred to measure of this type is
the turbulent kinetic energy (TKE) per unit mass,

TKE =

This is proportional to the variance of the magnitude of the velocity perturbation:

TKE =  , q´  = (u´2 + v´2 + w´2)1/2.

We may also be interested incovariances between two quantitiesa andb. These might be the same
field measured at different locations or times (i. e., the spatial or temporal autocorrelation), or dif-
ferent fields measured at the same place and time (e. g. the upward eddy heat flux is proportional
to the covariance  between vertical velocityw and temperatureT ).   Variances and covari-
ances are calledsecond-order moments of the turbulent flow. These take a longer set of measure-
ments to determine reliably than ensemble means.

The temporal autocorrelation of a perturbation quantitya  ́measured at a fixed position,

R(T) =

can be used to define anintegral time scale

τa =

which characterizes the timescale over which perturbations ofa are correlated. One may similarly

a
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define an integral length scale.
One commonly referred-to statistic for turbulence in which buoyancy forces are important in-

volves third-order moments. The vertical velocityskewnessis defined

S =

The skewness is positive where perturbation updrafts tend to be more intense and narrower than
perturbation downdrafts, e. g. in cumulus convection, and is negative where the downdrafts are
more intense and narrower, e. g. at the top of a stratocumulus cloud. Skewness larger than 1 indi-
cates quite noticeable asymmetry between perturbation up and downdrafts.

Fourier spectra in space or time of perturbations are commonly used to help characterize the
distribution of the fluctuations over different length and time scales. For example, given a long
time series of a quantitya(t), we can take the Fourier transform of its autocovariance to get its tem-
poralpower spectrum.vs. frequencyω,

 (this is real and positive for allω)

Given the power spectrum, one can recover the autocovariance by an inverse Fourier transform,
and in particular, the variance is the integral of the power spectrum over all frequencies,

 ,

so we can think of the power spectrum as a partitioning of the variance ofa between frequencies.
For spatiallyhomogeneous turbulence one can do a 3D Fourier transform of the spatial auto-

covariance function to obtain the spatial power spectrum vs. wavevectork,

 ;

again the variancea is the integral of the power spectrum over all wavenumbers,

t

τA

Tritton
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If the turbulence is alsoisotropic, i. e. looks the same from all orientations, then the power spec-
trum depends only on the magnitudek of the wavenumber, and we can partition the variance into
different wavenumber bands:

.

In particular, for homogeneous isotropic turbulence we can partition TKE into contributions from
all wavenumbers; this is called theenergy spectrumE(k).

TKE  =

Roughly speaking, the energy spectrum at a particular wavenumberk can be visualized as being
due to eddies whose characteristic size (diameter) is 2π/k.

Turbulent Energy Cascade

Ultimately, boundary layer turbulence is due to continuous forcing of the mean flow toward a
state in which shear or convective instabilities grow. These instabilities typically feed energy most-
ly into eddies whose characteristic size is comparable to the boundary layer depth. When these ed-
dies become turbulent, considerable variability is also seen on much smaller scales. This is often
described as anenergy cascade from larger to smaller scales through the interaction of eddies. It
is called a cascade because eddies are deformed and folded most efficiently by other eddies of com-
parable scales, and this squeezing and stretching transfers energy between nearby lengthscales.
Thus the large eddies feed energy into smaller ones, and so on until the eddies become so small as
to be viscously dissipated.  There is typically a range of eddy scales larger than this at which buoy-
ancy or shear of the mean flow are insignificant to the eddy statistics compared to the effects of
other turbulent eddies; in thisinertial subrange of scales the turbulent motions are roughly homo-
geneous, isotropic, and inviscid, and if fact from a photograph one could not tell at what length-
scale one is looking, i. e. the turbulence is self-similar.

Dimensional arguments have always played a central role in our understanding of turbulence
due to the complexity and self-similarity of turbulent flow.  Kolmogorov (1941) postulated that for
large Reynolds number, the statistical properties of turbulence above the viscous dissipation scale
are independent of viscosity and depend only on the rate at which energy produced at the largest
scaleL is cascaded down to smaller eddies and ultimately dissipated by viscosity.  This is measured

a′ r( )a′ r( ) Ŝa k( )4πk
2
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by the average energy dissipation rateε per unit mass (units of  energy per unit mass per unit time,
or m2 s-3). If the largest scale eddies have characteristic eddy velocityV, dimensional analysis im-
plies

ε ∝ V3/L

and the dissipation timescale is the eddy turnover timescaleL/V (which is typically O(1000 m/1 m
s-1) = 1000 s in the ABL.) This means that if its large-scale energy source is cut off, turbulence
decays within a few turnover times. The viscous dissipation lengthscale orKolmogorov scaleη
depends onε (m2s-3) andν (m2s-1) , so dimensionally

η = (ν3/ε)1/4 ( ≈ 1 mm for the ABL) = Re-3/4L

Kolmogorov argued that the energy spectrumE(k) within the inertial subrange can depend only
on the lengthscale, measured by wavenumberk, andε.  Noting thatE(k) has units of TKE/wave-
number = m2s-2/m-1 = m3s-2, dimensional analysis implies the famous-5/3 power law,

E(k) ∝ ε-2/3k-5/3 , L-1 << k << η−1

Similarly, the spatial power spectra of velocity components and scalarsa also follow a(k) ∝
k-5/3  in the inertial range.

The spatial power spectrum can be measured in one direction by a sensor moving with respect
to the boundary layer at a speedU comparable to or larger thanV, i. e. if the wind is blowing dif-
ferent turbulent eddies past a sensor on the ground, or if we take measurements from an aircraft.We
must invokeTaylor’s (‘frozen turbulence’) hypothesis that the statistics of the turbulent field are
similar to what we would measure if the turbulent field remained unchanged and just advected by-
with the mean speedU. In general, empirically this appears to be a good assumption.  Temporal
power spectra  gathered in this way can be converted to spatial power spectral by  substitut-
ing ω = Uk,

a(k) = U     for turbulence moving by with mean speedU

Thus, we expect anω-5/3 temporal power spectrum for scalars and velocity components in the in-
ertial subrange.

The figures below show measurements from a tethered balloon stationed in a convecting
cloud-topped boundary layer at 85% of the inversion height. The mean wind ofU = 7 m s-1 is con-
siderable larger than the characteristic large-eddy velocity ofV = 1 m s-1, so Taylor’s hypothesis
is safe. The time series shows up and downdrafts associated with large eddies with width and
height comparable to the BL depth of 1 km, with turbulent fluctuations associated with smaller ed-
dies.  The corresponding temporal power spectrum (triangles) is plotted asω , as expected,
this has aω-2/3dependence in the inertial range, and decays at low frequencies that correspond to
lengthscales larger thanL..

The second spectrum (circles) is in the entrainment zone, which is in a very sharp and strong
inversion (stable layer) at the BL top. Here, large scale, strong, vertical motions are suppressed,
and the turbulence is highly anisotropic at these scales, but at small scales (a few meters or less) an
inertial range is still observed.

Ŝ

S̃a ω( )

Ŝ S̃a Uk( )

S̃a ω( )



- 2.6 -

Atm S 547    Boundary Layer Meteorology                                                                   Bretherton

Interestingly, 2D ‘turbulence’ doesn’t produce an energy cascade to small scales; instead, in
2D (as simulated on the computer) energy tends to be transferred to the largest scale motions per-
mitted by the boundaries, and broad regions of smoothly varying flow appear, interrupted by shear
lines and intense long-lived.vortices.

Vertical velocity trace over a 10 minute period, corresponding to an
advection distance of 4200 m, in a 1 km deep convecting boundary layer

Temporal ower spectrum of vertical velocity. Triangles correspond to
height shown above, and circles are in the entrainment zone at BL top.
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Lecture 3.  Turbulent fluxes and TKE budgets   (Garratt, Ch 2)

 The ABL, though turbulent, is not homogeneous, and a critical role of turbulence is transport
and mixing of air properties, especially in the vertical. This process is quantified using ensemble
averaging (often called Reynolds averaging) of the hydrodynamic equations.

Boussinesq Equations (G 2.2)

For simplicity, we will use the Boussinesq approximation to the Navier-Stokes equations to de-
scribe boundary-layer flows. This is quite accurate for the ABL (and ocean BLs as well), since:

1. The ABL depth  O(1 km) is much less than the density scale height O(10 km).

2. Typical fluid velocities are O(1-10 m s-1), much less than the sound speed.

The Boussinesq equations of motion are:

,  where buoyancyb = gθv´/θ0

  ,  in the absence of clouds

  , Sq = 0  in the absence of precipitation

Herep´ is a pressure perturbation,θ is potential temperature,q = qv + ql is mixing ratio (including
water vaporqv and liquid waterql if present), andθv = θ(1 + .608qv - ql) is virtual potential tem-
perature including liquid water loading.S denotes source/sink terms, andρ0 andθ0 are character-
istic ABL density and potential temperature.κ andκq are the diffusivities of heat and water vapor.
The most important source term forθ is divergence of the net radiative fluxRN  (usually treated as
horizontally uniform on the scale of the boundary layer, though this needn’t be exactly true, espe-
cially when clouds are present).  For noprecipitating BLs,Sq = 0..  For  cloud-topped boundary lay-
ers, condensation, precipitation and evaporation can also be important.

Using mass continuity, the substantial derivative of any quantitya can be written in flux form

Da/Dt =  + ∇·(ua).

Ensemble Averaging (G 2.3)

The ensemble average ofDa/Dt is:
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The threeeddy correlation terms at the end of the equation express the net effect of the turbulence.
Consider a BL of characteristic depthH over a nearly horizontally homogeneous surface.  The most
energetic  turbulent eddies in the boundary layer have horizontal and vertical lengthscaleH and (by
mass continuity) the same scaleU for turbulent velocity perturbations in both the horizontal and
vertical.  The boundary layer structure, and hence the eddy correlations, will vary horizontally on
characteristic scalesLs >> H due to the impacf on the BL of mesoscale and synoptic-scale variabil-
ity in the free troposphere.   If we let {} denote ‘the scale of’, and assume {a´} = A, we see thatthe
vertical flux divergence is dominant:

Thus (noting also that  to undo the flux form of the advection of the mean),

If we apply this to the ensemble-averaged heat equation, and throw out horizontal derivatives ofθ
in the diffusion term using the same lengthscale argumentLs >> H  as above, we find

Thus, the effect of turbulence on  is felt through the convergence of the vertical eddy correlation,
or turbulent flux  of θ. The turbulent sensible and latent heat fluxes are the turbulent fluxes ofθ
andq in energy units of W m-2:

Turbulent sensible heat flux =ρ0Cp

Turbulent latent heat flux =ρ0L

Except in the interfacial layer within mm of the surface, the diffusion term is negligible , so we’ve
written it in square brackets.

If geostrophic windug is defined in the standard way, the ensemble-averaged momentum equa-
tions are

Often, but not always, the tendency and advection terms are much smaller than the two terms on
the right hand side, and there is an approximate three-way force balance (see figure below) between
momentum flux convergence, Coriolis force and pressure gradient force in the ABL such that the
mean wind has a component down the pressure gradient. Thecross-isobar flow angleα is the an-
gle between the actual surface wind and the geostrophic wind.

If the mean profiles of actual and geostrophic velocity can be accurately measured, the momen-
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tum flux convergence can be calculated as a residual in the above equations, and vertically inte-
grated to deduce momentum flux. This technique was commonly applied early in this century,
before fast-response, high data rate measurements of turbulent velocity components were perfect-
ed. It was not very accurate, because small measurement errors in eitheru or ug  can lead to large
relative errors in momentum flux.

In most BLs, the vertical fluxes of heat, moisture and momentum are primarily carried by large
eddies with lengthscale comparable to the boundary layer depth, except near the surface where
smaller eddies become important. The figure below shows thecospectrum of w´ andT´, which is
the Fourier transform ofw´T´, from tethered balloon measurements at two heights in the
cloud-topped boundary layer we plotted in the previous lecture. The cospectrum is positive, i. e.
positive correlation betweenw´ andT´, at all frequencies, typical of a convective boundary layer.
Most of the covariance betweenw´ andT´ is at the same low frequenciesn = ω/2π ~ 10-2 Hz that
had the maximum energy. Since the BL is blowing by the tethered balloon at the mean wind speed
U = 7 m s-1, this frequency corresponds to large eddies of wavelengthλ = U/n = 700 m, which is
comparable to the BL depth of 1 km.

Surface layer force balance  in a steady state BL (f > 0). Above the surface layer,

H

L

Coriolis

Reynolds stress
(‘friction’)

PGF

the force balance is similar but the Reynolds stress need not be along -V.

Cospectrum ofw´ andT´ at cloud base (triangles), top (circles) in convective BL.

Caughey and Kitchen, (1984)
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Turbulent Energy Equation(G 2.5,6)

To form an equation for TKEe = /2, we dotu into the momentum equation, and take
the ensemble average. After considerable manipulation, we find that for the nearly horizontally ho-
mogeneous BL (H << Ls),

where

S  =     (shear production)

B  =   (buoyancy flux)

T  =     (transport and pressure work)

D = -     (dissipation, always negative, -ε in Garratt)

Shear production of TKE occurs when the momentum flux is downgradient, i. e. has a compo-
nent opposite (or ‘down’) the mean vertical shear. To do this, the eddies must tilt into the shear.
Kinetic energy of the mean flow is transferred into TKE. Buoyancy production of TKE occurs
where relatively buoyant air is moving upward and less buoyant air is moving downward. Gravi-
tational potential energy of the mean state is converted to TKE.  BothS andB can be negative at
some or all levels in the BL, but together they are the main source of TKE, so the vertical integral
of S + B over the BL  is always positiveThe transport term mainly fluxes TKE between different
levels, but a small fraction of TKE can be lost to upward-propagating internal gravity waves excit-
ed by turbulence perturbing the BL top.  The dissipation term is the primary sink of TKE, and for-
mally is related to enstrophy. In turbulent flows, the enstrophy is dominated by thesmallest
(dissipation) scales, soD can be considerable despite the smallness ofν.
Usually, the left hand side (the ‘storage’ term) is smaller than the dominant terms on the right hand
side. The figure on the next page shows typical profiles of these terms for a daytime convectively
driven boundary layer and a nighttime shear-driven boundary layer.  In the convective boundary
layer, transport  is considerable. Its main effect is to homogenizing TKE in the vertical .  With ver-
tically fairly uniform TKE, dissipation is also uniform, except near the ground where it is enhanced
by the surface drag . Shear production  is important only near the ground (and sometimes at the
boundary layer top). In the shear-driven boundary layer, transport and buoyancy fluxes are small
everywhere, and there is an approximate balance between shear production and dissipation.

Theflux Richardson number

Rif = - B/S

characterizes whether the flow is stable (Rif > 0), neutral (Rif ≈ 0), or unstable (Rif < 0).
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Garratt
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Lecture 4.  Boundary Layer Turbulence and Mean Wind Profiles

Turbulence Closure Models(G 2.4)

The equations for ensemble averaged quantities involve the divergence of the eddy correla-
tions, which arise from averaging the nonlinear advection terms.  Similarly, prognostic equations
for the ensemble averaged second-order correlations  include averages of triple correlations,
etc...so this approach does not lead to a closed set of equations. In aturbulence closure model
(TCM), higher-order correlations are parameterized in terms of lower-order correlations to close
the system. In a first-order TCM, all second-order correlations are parameterized in terms of the
mean fields. In a second-order TCM, 1st and second order moments are prognosed, but third-order
correlations are parameterized in terms of them. TCMs of up through third order have been used.
Third order TCMs can do a fairly realistic job of predicting the profiles of mean fields and even
second-order moments, but are quite complicated and computationally intensive.

First-order turbulence closure, mixing length theory, and eddy diffusivity

For now, we will just introduce first-order turbulence closure, which is the most common pa-
rameterization of turbulent mixing currently used in large-scale numerical models such as GCMs.
The usual approach is inspired bymixing length theory (Prandtl 1925). We idealize eddies as tak-
ing random fluid parcels from some level, and advecting them up or down over some characteristic
height ormixing lengthδz at some characteristic speedV, where the fluid parcel gets homogenized
with the other air at that level. Except near the surface, the transport is primarily by eddies whose
scale is the boundary layer depth, so we think ofV as the large-eddy velocity andδz as proportional
to the boundary layer height scaleH. Near the surface, a different scaling applies, which we discuss
later. At any location, half the time there is an updraft withwu´= V carrying fluid upward from an
average heightz -δz/2, and the other half of the time there is a downdraft withwd´= -V carrying
fluid downward from an average heightz + δz/2.  Consider the corresponding vertical flux of some
advected quantitya. In updrafts,

au´= a(z -δz/2) - a(z)

If we assume thata varies roughly linearly betweenz -δz/2 andz, then

au´ ≈ -

Similarly, in downdrafts,

ad´= a(z +δz/2) - a(z) ≈

Hence, taking the ensemble average,

w´a´ = (wu´au´ + wd´ad´) ≈ -Ka  ,  whereKa = Vδz/2

Thus the eddy flux ofa is always down the mean gradient, and acts just like diffusion with aneddy
diffusivity Ka. For typical ABL scales V = 1 m s-1, δz = 1 km, and mixing length theory would
predictKa = 500 m2s-1. Most first order turbulence closure models assume that turbulence acts as
an eddy diffusivity, and try to relateV andδz to the profiles of velocity and static stability; more
on how this is done later when we talk about parameterization.
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Observing the BL

The turbulent nature of BL flow presents special challenges for observations and modeling. On
the other hand, its nearness to the surface makes surface-based observing systems particularly use-
ful.  Chapter 10 of Stull’s book (handout) is an excellent summary of sensors (and the principles
by which they work), types of measurement and analysis methods for ABL observations. It also
has a list of major BL field experiments through early 1987 and describes numerical modelling of
boundary layer turbulence. Fast response sensors capable of in-situ measurements of turbulent per-
turbations in velocity components, temperature, pressure, humidity and some trace gases (such as
CO2) from different platforms, e.g. an airplane, balloon, mast, or surface site are now widely avail-
able, and can be used to calculate vertical turbulent fluxes and moments.  Due to the sensitivity of
the instruments and their high data rate, these measurements are restricted to dedicated field exper-
iments. Remote sensors measure waves generated or modified by the atmosphere at locations dis-
tant from the sensor.  Active remote sensorsgenerate sound (sodar), light (lidar), or other EM waves
(e. g. radar).  Passive remote sensors, rely on electromagnetic waves generated by the earth (infra-
red, microwave), the atmosphere (infrared), or the sun (visible).  Remote sensors can often scan
over a large volume and are invaluable in characterizing aspects of the vertical structure of the BL,
but typically provide poor time and space resolution.  However, Doppler lidar (in clear air with
some scatterers) and mm-wave radar (in cloud) have proved capable of  resolving larger turbulent
eddies and characterizing some of the turbulent statistics of the flow, and are particularly useful for
characterizing the structure of the entrainment zone at the top of the boundary layer.

Large-eddy simulation

Numerical modeling, in particularlarge-eddy simulation (LES) has also become a formida-
ble tool for understanding BL turbulence. A two or preferably three-dimensional numerical domain
somewhat deeper than the anticipated boundary layer depthH, and at least 2-3H wide, is covered
by a grid of points. A typical domain size for an ABL simulation might be 5×5×2 km The grid spac-
ing must be small enough to accurately resolve the larger eddies which are most energetic and
transport most of the fluxes. Grid spacings of 100 m in the horizontal and 50 m in the vertical are
adequate for a convective boundary layer without a strong capping inversion. Such a simulation
might run nearly in real time on a fast workstation.  Higher resolution (10-20 m) is required near
strong inversions and for stable, shear-driven BLs, putting such simulations at the edge of what can
currently be done on a workstation.   The Boussinesq equations or some other approximation to the
dynamical equations are discretized on the grid.  Asubgridscale model is used to parameterize
the effects of unresolved eddies on the resolved scale. There is no consensus on the ideal subgrid-
scale model. Luckily, as long as the grid-spacing is fine enough, LES simulations have been found
to be relatively insensitive to this.  One can understand this as a consequence of the turbulent en-
ergy cascade, in which energy fluxes down to small scales in a manner relatively independent of
the details of the viscous drain.  In an LES, the energy cascade must be terminated at the grid scale,
but as long as the grid-scale is in the inertial range and the grid-scale eddies are efficiently damped,
this should not affect the statistics of the large eddies.

The simulation is started from an idealized, usually nonturbulent initial profile,and forced with
realistic surface fluxes, geostrophic winds, etc.   Small random perturbations are added to some
field such as temperature; these seed shear or convective instability which develops into a qua-
si-steady turbulent flow, typically within an hour or two of simulated time for ABL simulations.
The simulation is run for a few more hours and flow statistics and structures from the quasi-steady
period are analyzed. For cloud-topped boundary layers, radiative fluxes and a model of cloud mi-
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crophysics are also part of the LES.
Intercomparisons between different LES codes and comparisons with data show that for a con-

vective boundary layer without a strong capping inversion, the simulation statistics are largely in-
dependent of the LES code used, building confidence in the approach. For cloud-topped boundary
layers, different codes agree on the vertical structure of the large eddies within the BL, but predict
considerably different rates of entrainment or free-tropospheric air for the same forcing. This is not
surprising, as most current LES models are run with 25-50 m resolution at the inversion, which is
often insufficient.  As soon as other physical parameterizations, such as cloud microphysics, radi-
ation, or land-surface models are coupled into the LES, the results are only as good as the weakest
parameterization!  Thus, LES models of most realistic BLs are illuminating, but are no substitute
for observations.

Laboratory Experiments

Turbulence is important in many contexts outside atmospheric science, such as aerodynamics,
hydraulics, oceanography, astrophysics, etc. Most of our fundamental understanding of turbulence
derives from laboratory experiments with these contexts in mind. Convection has been studied,
mainly in liquids, in tanks a few cm to a few m in size. Shear flows have been studied in water
tunnels or rotating tanks. Salt can be used to produce stratification. Turbulence can be created by
stirring or passing moving fluid through a grid. Many sophisticated visualization techniques, using
dye, in-situ sensors, laser velocimetry, etc. are used. Many simple models of atmospheric turbu-
lence are ‘tuned’ based on laboratory results.

Typical boundary layer profiles

Mixing length theory predicts that vigorous turbulence should strongly diffuse vertical gradi-
ents of mean quantities in the BL, resulting in a ‘well-mixed’ BL with only slight residual vertical
gradients.  How well does turbulence mix up observed boundary layers? For clear unstable (con-
vective) BLs, mixed layer structure is observed inθ, usually inq, and often inu, v (with slight veer-
ing of the wind with height.

Typical mixed layer structure of a convective boundary layer (visible even inu, v).

Arya
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For moderately stable BLs in which turbulence is largely continuous in space and time, the BL
is far from well-mixed, but the Richardson number Ri remains less than 1/4 (see figure above). In
extremely stable boundary layers, the turbulence is sporadic and the mean Ri can be 1 or more (see
below). The low-level veering of the wind with height is much larger in very stable boundary lay-

ers, where most of the  surface stress is distributed as momentum flux convergence near to the bot-
tom of the BL (see below).

Arya

Arya

Wind hodographs at South Pole Station.  Categories 1-8 correspond to increasingly
stable BLs; dots are composites of measurements at 0.5, 1, 2, 4, 8, 12, 16, 20, 24, 32 m
y-axis is in surface wind direction. Note large turning of wind with height in stable BLs.

Arya, fig. 6.10
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Lecture 5.  Surface roughness and the logarithmic sublayer

(Garratt, Ch 3: similarity theory;  Ch. 4: surface characteristics)

Near a solid boundary, in the ‘surface layer’, vertical fluxes are transported primarily by eddies
with a lengthscale much smaller than in the center of the BL. A very successful similarity theory
is based on dimensional reasoning (Monin and Obuhkov, 1954). It postulates that near any given
surface, the wind and thermodynamic profiles should be determined purely by the height z above
the surface (which scales the eddy size) and the surface fluxes which drive turbulence:

1. Surface mom. flux u´w´0 (often expressed as friction velocity u* = (u´w´0)1/2)

2. Surface buoyancy flux B0 = w´b´0

One can construct from these fluxes the

Obuhkov length L = -u*
3/kB0 (positive for stable, negative for unstable BLs)

Here k = 0.4 is the von Karman constant, whose physical significance we’ll discuss shortly. In
the ABL, a typical u* might be 0.3 m s-1 and a typical range of buoyancy flux would be -3×10-4

m2s-3(nighttime)  to 1.5×10-2 m2s-3(midday)  (i. e. a virtual heat flux of -10 W m-2 at night,  500
W m-2 at midday), giving L = 200 m (nighttime) and -5 m (midday).

The logarithmic sublayer (Garratt, p. 41)

At height z, the characteristic eddy size, velocity, and buoyancy  scale with z, u*, and B0/u*.
If the buoyant acceleration acts over the eddy height, it would make a vertical velocity (zδb)1/2 =
(zB0/u*)1/2.  If z < |L|, this buoyancy driven contribution to the vertical velocity is much smaller
than the shear-driven inertial velocity scale u*,, so buoyancy will not significantly affect the eddies.
In this case, the mean wind shear will depend only on u* and z, so dimensionally

du/dz  = u*/kz   (z < |L|) (1)

This can also be viewed in terms of mixing length theory, with eddy diffusion

Km ∝  (velocity)(length) = (u*)(kz)

u´w´0  = -Kmdu/dz  ⇒    u*
2 = ku*z du/dz (equivalent to (1))

The von Karman constant k is the empirically determined constant of proportionality in (1). Inte-
grating, we get the logarithmic velocity profile law:

u(z)/u* = k-1 ln(z/z0)   (z << |L|) (2)

The constant of integration z0 depends on the surface and is called the roughness length. It is
loosely related to the typical height of closely spaced surface obstacles, often called roughness el-
ements (e. g. water waves, trees, buildings, blades of grass). It depends on the distribution as well
as the height hc of roughness elements (see figure below), but as a rule of thumb,

z0 ~ 0.1hc
- 5.1 -
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Example of logarithmic velocity profile in a neutral surface layer.

Arya

Dependence of roughness length on density λ of  roughness elements.

Garratt
- 5.2 -



Atm S 547    Boundary Layer Meteorology                                                                   Bretherton
z0 varies greatly depending on the surface, but a typical overall value for land surfaces is z0 = 0.1
m (see table on next page). In the rare circumstance that the surface is so smooth that the viscous
sublayer is deeper than roughness elements,

z0 ~ 0.1ν/u*  ~  0.015 mm for u* = 0.1 m s-1

Stull
- 5.3 -
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Near the surface, the log profile fits best if z is offset by a zero-plane displacement d0 which lies
between 0 and the height hc of roughness elements, and is typically roughly 0.7hc.

u(z)/u* = k-1 ln([z-d0]/z0)   (z << |L|) (3)

Roughness of Water Surfaces (Garratt, p. 97-100)

The roughness of a water surface depends on wind speed and the spectrum of waves.   A strong
wind blowing from S to N across the SR 520 bridge shows the importance of fetch on wave spec-
trum. On the south side, large waves will be crashing onto the bridge deck. On the N side, the water
surface will be nearly smooth except for short wavelength ripples (‘cats paws’) associated with
wind gusts. As one looks further N from the bridge, one sees chop, then further downwind, longer
waves begin to build. It can take a fetch of 100 km for the wave spectrum to reach the steady state
or fully developed sea  assumed by most formulas for surface roughness.  It is thought that much
of the wind stress is associated with boundary layer separation at sharp wave crests of breaking
waves or whitecaps, which start forming at wind speeds of 5 m s-1 and cover most of the ocean
surface at wind speeds of 15 m s-1 or more.

For wind speeds below 2.5 m s-1, the water surface is approximately aerodynamically smooth,
and the viscous formula for z0 applies. For intermediate wind speeds, the flow is aerodynamically
smooth over some parts of the water surface but rough around and in the lee of the breaking white-
caps, and for wind speeds above 10 m s-1 it is fully rough. For rough flow, Charnock (1955) sug-
gested that z0 should depend only on the surface stress on the ocean and the gravitational restoring
force, i. e., u* and g, leading to Charnock’s formula:

z0 = αcu*
2/g,   (αc = 0.016  20% from empirical measurements).

This formula appears reasonably accurate for 10 m wind speeds of 4-50 m s-1. For 10 m wind
speeds of 5-10 m s-1, this gives roughness lengths of 0.1 - 1 mm, much less than almost any land
surface. Even the heavy seas under in a tropical storm have a roughness length less than mown
grass! This is because (a) the large waves move along with the wind, and (b) drag seems to mainly
be due to the vertical displacements involved directly in breaking, rather than by the much larger
amplitude long swell. The result is that near-surface wind speeds tend to be much higher over the
ocean, while surface drag tends to be smaller over the ocean than over land surfaces.

Snow and Sand Surfaces (Garratt, p. 87-88)

The roughness of sand or snow surfaces also increases of wind speed, apparently due to sus-
pension of increasing numbers of particles. Charnock’s dimensional argument again applies, and
remarkably, the same αc appears to work well, though now the minimum z0 is larger (typically at
least 0.05 mm), associated with the roughness of the underlying solid surface.

Bulk Aerodynamic Drag Formula (Garratt, p. 100-101)

Suppose that a wind measurement is taken at a standard reference level zR within the log layer
(A typical shipboard height of zR = 10 m is often used for ocean measurements). Then (ignoring
zero-plane displacement for simplicity), u(zR) = u*k-1 ln(zR/z0). The bulk aerodynamic formula re-
lates the surface stress ρ0u´w´to the reference wind speed in terms of a drag coefficient CDN which
depends on surface roughness:

−ρ0u´w´ = ρ0u*
2  = ρ0CDNu2(zR),
- 5.4 -
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(4)

Arya

              Garratt
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CDN = k2/{ln(zR/z0)}2 (5)

The N, for ‘neutral’, in the suffix is to remind us that this formula only applies if when zR << |L|,
which for typical reference heights (2 m or 10 m) requires fairly neutrally stratified conditions, as
are often observed over the oceans but less often over land. For zR = 10 m wind speed and z0 = 0.1
m, CDN =  8 × 10-3

Over the water, CDN is a function of surface roughness u* and hence implicitly of wind speed.
While Charnock’s formula gives an awkward transcendental equation to solve for CDN in terms of
u(zR), a good approximation using mean 10 m wind speed u10 is:

CDN = (0.75  + 0.067u10) × 10-3     (water, neutrally stratified BL)

Heat and Moisture Transfer in Neutral Conditions

Let a be a scalar (θ, q, etc.) transported by the turbulence.  In the log-layer, we again might
hope for a flux-gradient relation of the form

w´a´ = Kada/dz,   Ka = kazu*

The nondimensional constant ka need not equal the von Karman constant, since momentum per-
turbations of fluid parcels are affected by eddy-induced pressure gradients, while scalars are not.
However, empirical measurements do suggest that ka = k in a neutral BL. A scale for turbulent per-
turbations a´ in the log layer is:

a*  = w´a´|0/u*

Since the flux is approximately equal to its surface value throughout the surface layer,

da/dz = -w´a´|0 / (kzu*) = -a*/kz

a(z) - a0 = -a*/k ln(z/z0a)

This has the same logarithmic form as the velocity profile, but the scaling length z0a need not be
(and usually isn’t) the same as z0. In fact, it is often much smaller, because pressure (form) drag on
roughness elements helps transfer momentum between the interfacial (viscous) sublayer around
roughness elements to the inertial sublayer . No corresponding nonadvective transfer mechanism
exists for scalars, so they will be transferred less efficiently out of the interfacial layer (za < z0) un-
less their molecular diffusivity is much larger than that of heat.

This can be converted into a bulk aerodynamic formula like (5), but the transfer coefficient may
be different:

ρ0w´a´ = ρ0CaNu(zR){a0 - a(zR)},

CaN = k2/{ln(zR/z0)ln(zR/z0a)}

For most land surfaces, the heat and moisture scaling lengths z0H and z0q are 10-30% as large as
z0, resulting in typical CHN of 0.7-0.95 CDN . For water surfaces, the heat and moisture coefficients
are comparable to CDN for 10 m winds of 7 m s-1 or less, but remain around 1-1.5 ×10-3 rather than
increasing as wind speed increases.  This corresponds to heat and moisture scaling lengths appro-
priate for laminar flow even at high wind speeds. For instance, ECMWF uses z0H, z0q = (0.4,
0.62)ν/u* following Brutsaert (1982).

Bulk aerodynamic formulas are quite accurate as long as (i) an appropriate transfer coefficient
- 5.6 -
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is used for the advected quantity, the reference height, and the BL stability, and (ii) Temporal vari-
ability of the mean wind speed or air-sea differences are adequately sampled. The figure below
shows comparisons between direct (eddy-correlation) measurements of moisture flux in nearly
neutrally stratified BLs over ocean surfaces compared with a bulk formula with constant
Cq = 1.32×10-3. In individual cases, discrepancies of up to 50% are seen (which are as likely due
to sampling scatter in the measured fluxes as to actual problems with the bulk formula), but the
overall trend is well captured. However, due to this type of scatter, no two books or papers seem
to exactly agree on the appropriate formulas to use, though all agree within about 20%.

   Arya
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Lecture 6.  Monin-Obuhkov similarity theory (Garratt 3.3)

Because so many BL measurements are made within the surface layer (i. e. where wind veering
with height is insignificant) but stratification effects can be important at standard measurement
heights of 2 m (for temperature and moisture) and 10 m (for winds), it is desirable to correct the
log-layer profiles for stratification effects.

Based on the scaling arguments of last lecture, Monin and Obuhkov (1954) suggested that the
vertical variation of mean flow and turbulence characteristics in the surface layer should depend
only on the surface momentum flux as measured by friction velocity u*, the buoyancy flux B0, and
the height z.  One can form a single nondimensional combination of these, which is traditionally
chosen as the stability parameter

ζ = z/L

The logarithmic scaling regime of last time corresponds to ζ<< 1.
Thus, within the surface layer, we must have

(kz/u*)(∂u/∂z)   =  φm(ζ) (1)

(kz/θ*)(∂θ/∂z)   =  φh(ζ) (2)

where φm(ζ) and φh(ζ) are universal similarity functions which relate the fluxes of momentum
and θ (i. e. sensible heat) to their mean gradients. Other adiabatically conserved scalars should be-
have similarly to θ since the transport is associated with eddies which are too large to be affected
by molecular diffusion or viscosity.  To agree with the log layer scaling, φm(ζ) and φh(ζ) should
approach 1 for small ζ.

We can express (1) and (2) in other equivalent forms. First, we can regard them as defining sur-
face layer eddy viscosities:

Km = -u´w´ / (∂u/∂z) = u*
2/(φm(ζ) u*/kz) = ku*z / φm(ζ)

Kh = -w´θ´ / (∂θ/∂z) = u*θ*/(φh(ζ) θ*/kz) = ku*z / φh(ζ)

By analogy to the molecular Prandtl number, the turbulent Prandtl number is their ratio:

Prt  = Km / Kh  = φh(ζ)  / φm(ζ)

Another commonly used form of the similarity functions is to measure stability with gradient Ri-
chardson number Ri instead of ζ. Recalling that N2 = -db/dz, and again noting that the surface layer
is thin, so vertical fluxes do not vary significantly with height within it, Ri is related to ζ as follows:

Ri   = (-db/dz) / (du/dz)2

       =  (w´b´0 /Kh)/ ( u´w´0/Km)2

       =  (B0φh(ζ) /ku*z) / (u*
2φm(ζ)/ku*z))2

       = ζφh/φm
2

Given expressions for φm(ζ) and φh(ζ), we can write ζ and hence the similarity functions and eddy
diffusivities in terms of Ri. The corresponding formulas for dependence of eddy diffusivity on Ri
(stability) are often used by modellers even outside the surface layer, with the neutral Km and Km
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estimated as the product of an appropriate velocity scale and lengthscale.

Field Experiments

The universal functions must be determined empirically. In the 1950-60s, several field exper-
iments were conducted for this purpose over regions of flat, homogeneous ground with low, ho-
mogeneous roughness elements, culminating in the 1968 Kansas experiment. This used a 32 m
instrumented tower in the middle of a 1 mi2 field of wheat stubble. Businger et al. (1971, JAS, 28,
181-189) documented the relations below, which are still accepted:

The values of the constants determined by the Kansas experiment were

PrtN = 0.74, β = 4.7, γ1 = 15, γ2 = 9 .

The quality of the fits to observations are shown on the next page. Other experiments have yielded
somewhat different values of the constants (Garratt, Appendix 4, Table A5), so we will follow Gar-
ratt (p. 52) and Dyer (1974, Bound-Layer Meteor., 7, 363-372) and assume:

 PrtN ≈ 1, β ≈ 5, γ1 ≈ γ2 ≈ 16

In neutral or stable stratification, this implies φm = φh, i. e. pressure perturbations do not affect the
eddy transport of momentum relative to scalars such as heat, and the turbulent Prandtl number is
1. In unstable stratification, the eddy diffusivity for scalars is more than for momentum.

Solving these relations for Ri,

Limiting cases (Garratt, p. 50)

(i) Neutral limit. φm , φh → 1 as ζ → 0 as expected, recovering  log-layer scaling for z << |L|.

(ii) Stable limit. Expect eddy size to depend on L rather than z (z -less scaling), since our scaling
analysis of last time suggests that stable buoyancy forces tend to suppress eddies with a scale
larger than L. This implies that the eddy diffusivity

Km = ku*z/φm ∝  (velocity)(length) ∝ u*L ⇒ φ m ~ z/L = ζ

and similarly for Kh. The empirical formulas imply Km ~ βζ for large ζ, which is consistent
with this limit. Hence they are usually assumed to apply for all positive ζ.

φm
1 γ1ζ–( ) 1 4⁄–

for 2– ζ 0 (unstable)< <,

1 βζ+ for 0 ζ 1 (stable)<≤,





=

φh
PrtN 1 γ2ζ–( ) 1 2⁄–

for 2– ζ 0 (unstable)< <,

PrtN βζ+ for 0 ζ 1 (stable)<≤,






=

ζ
Ri for 2– Ri 0 (unstable)< <,

Ri
1 5Ri–
------------------ for 0 Ri 0.2 (stable)<≤,







=
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Eddy viscosity and diffusivity as functions of stability, measured by Ri

Arya11.5

Empirical determination of similarity functions from Kansas experiment

Arya 11.2,3
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(iii) Unstable limit. Convection replaces shear as the main source of eddy energy, so we expect
the eddy velocity to scale with the buoyancy flux B0 and not the friction velocity. We still
assume that the eddy size is limited by the distance z to the boundary. In this ‘free convective
scaling’, the eddy velocity scale is uf = (B0z)1/3 and the eddy viscosity should go as

Km = ku*z/φm ∝ uf z ⇒ φ m ∝ u* / uf ∝   (-z/L)-1/3  = (-ζ)-1/3

A similar argument applies to eddy diffusivity for scalars Kh. The empirical relations go as
(-ζ)-1/2 for scalars and (-ζ)-1/4 for momenta, but reliable measurements only extend out to ζ
= -2.  Free convective scaling may be physically realized, but only at higher ζ.

Wind and thermodynamic profiles

The similarity relations can be integrated with respect to height to get:

u/u*  = k-1 [ln(z/z0)  - ψm(z/L)]

(θ0 − θ )/θ*  = k-1 [ln(z/zT0)  - ψh(z/L)] (and similarly for other scalars)

where if x = (1 - γ1ζ)1/4,

ψm(ζ) =

            =

ψm(ζ) =

            =

Wind profiles in stable, neutral, and unstable conditions are shown in the figure below. Low-level
wind and shear are reduced compared to the log profile in unstable conditions, when Km is larger.
From these,we derive bulk aerodynamic coefficients which apply in non-neutral conditions:

CD = , CH = (3)

These decrease considerably in stable conditions (see figure on next page). In observational anal-
yses and numerical models, (3) and the formula for L are solved simultaneously to find surface heat
and momentum fluxes from the values of u and θ0 - θ at the measurement or lowest grid-level z

1 φ– m ζ'( )[ ] ζ 'd ζ'⁄
0

ζ
∫

1 x
2

+
2

-------------- 
  1 x+

2
------------ 

  2

 
 
 

ln 2tan
1–

x– π
2
---+ for 2– ζ 0 (unstable)< <,

β– ζ for 0 ζ (stable)≤,


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



1 φ– h ζ'( )[ ] ζ 'd ζ'⁄
0
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2
1 x

2
+
2
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.

Garratt

Garratt
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Scaling for the entire boundary layer (Garratt, 3.2)

In general, the BL depth h and turbulence profile depend on many factors, including history,
stability, baroclinicity, clouds, presence of a capping inversion, etc. Hence universal formulas for
the velocity and thermodynamic profiles above the surface layer (i. e. where transports are prima-
rily by the large, BL-filling eddies) are rarely applicable.

However, a couple of special cases are illuminating to consider. The first is a well-mixed BL
(homework), in which the fluxes adjust to ensure that the tendency of θ, q, and velocity remain the
same at all levels. Well mixed BLs are usually either strongly convective, or strongly driven stable
BLs capped by a strong inversion. Mixed layer models incorporating an entrainment closure for
determining the rate at which BL turbulence incorporates above-BL air into the mixed layer are
widely used.

The other interesting (though rarely observable) case is a steady-state, neutral, barotropic BL.
This is the turbulent analogue to a laminar Ekman layer. Here, the fundamental scaling parameters
are G = |ug|, f, and z0. Out of these one can form one independent nondimensional parameter, the
surface Rossby number Ros = G/fz0 (which is typically 104 -108).  The friction velocity (which
measures surface stress) must have the form

u* / G  = F(Ros)

Hence, one can also regard u* / G as a proxy  nondimensional control parameter in place of Ros.
The steady-state BL momentum equations are

On the next page are velocity and momentum flux profiles from a  direct numerical simulation
(384×384×85 gridpoints) in which u*/G = 0.053 (Coleman 1999, J. Atmos. Sci, 56, 891-900). The
geostrophic wind is oriented in the x direction, and is independent of height (the barotropic as-
sumption). Height is nondimensionalized by δ = u*/f. In the thin surface layer, extending up to z
= 0.02δ, the wind increases logarithmically with height without appreciable turning (this is most
clearly seen on the wind hodograph), and is turned at 20° from geostrophic (this angle is an increas-
ing function of u*/G) The neutral BL depth , defined as the top of the region of significantly ageo-
strophic mean wind, is

hN  = 0.8u*/f

For u* = 0.3 m s-1 and f = 10-4 s-1, hN = 2.4 km. Real ABLs are rarely this deep because of strati-
fication aloft, but fair approximations to the idealized turbulent Ekman layer can occur in strong-
winds over the midlatitude oceans.  The wind profile qualitatively resembles an  Ekman layer of
with an Ekman thickness (2ν/f)1/2 = 0.12u*/f, except much more of the wind shear is compressed
into the surface layer.

f u ug–( ) ∂
∂z
-----v ′w ′–=

f v vg–( ) ∂
∂z
-----u ′w ′=
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Wind profiles in a neutral barotropic BL with
u*/G  = 0.053 (Coleman 1999).

Wind hodograph (dashed = Ekman layer). Log (surface)

Log layer

layer is part of profile to right of dashes.

Stress profiles in geostrophic coordinate system.
Solid = in direction of ug, dashed = transverse dir.
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The wind and momentum flux profiles depend weakly on Ros, but we will describe below a scaling
that collapses these into a single universal profile independent of Ros above the surface layer
As we go up through the boundary layer, the magnitude of the momentum flux will decrease from
u*

2 at the surface to near zero at the BL top, so throughout the BL, the momentum flux will be
O(u*

2)(Hence, throughout the BL the turbulent velocity perturbations u´, w´ should scale with u*
to be consistent with this momentum flux). We assume that the BL depth scales with u*/f. These
scalings suggest a nondimensionalization of the steady state BL momentum equations:

If we adopt a coordinate system in which the x axis is in the direction of the surface-layer wind, the
boundary conditions on the momentum flux are

 (at surface layer top)

This momentum balance and boundary conditions are consistent with a universal velocity defect
law of the form:

where Fx and Fy are universal functions (which must be determined empirically or via LES simu-
lation) that apply for any Ros. In the surface layer , these universal functions cease to apply and the
logarithmic wind profile u/ku* = ln(z/z0), v = 0 matches onto the defect laws.  The figure below
shows that Coleman’s simulations and laboratory experiments with different parameters are con-
sistent with the same Fx and Fy, supporting their universality.

u ug–

u*
--------------

∂ v ′w ′ u*
2⁄( )

∂ zf u*⁄( )
----------------------------–=

v vg–

u*
--------------

∂ u ′w ′ u*
2⁄( )

∂ zf u*⁄( )
----------------------------=

u ′w ′ u*
2⁄ 1 v ′w ′ u*

2⁄,– 0 as z 0→= =

u ′w ′ u*
2⁄ 0 , v ′w ′ u*

2⁄ 0 as z ∞→= =

u ug–( ) u*⁄ Fx zf u*⁄( )=

v vg–( ) u*⁄ Fy zf u*⁄( )=

log layer

velocity defect
     scaling

hN
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Lecture 7.  More on BL wind profiles

Stability

Above the surface layer, the wind profile is also affected by stability. As we mentioned previ-
ously, unstable BLs tend to have much more well-mixed wind profiles than stable BLs. The figures
below show observations from the Wangara experiment on how the velocity defect laws and tem-
perature profile are altered by BLstability (as measured by h/L). Within stability classes, the veloc-
ity profiles collapse when scaled with a velocity scale u* and the observed BL depth h, but there is
a large difference between the stability classes.

Baroclinicity

We would expect baroclinicity (vertical shear of geostrophic wind) to also affect the observed
wind profile. This is most easily seen for an Ekman layer in a geostrophic wind with constant ver-
tical shear:

ug(z) = (G + Mz, Nz),  where M = -(g/fT0)∂T/∂y, N = (g/fT0) ∂T/∂x

-f(v - Nz) = ν d2u/dz2

f(u - G - Mz) = ν d2v/dz2

u(0) = 0, u → G + Mz  as z → ∞

v(0) = 0, v→ Nz  as z → ∞

Resultant  BL velocity profile just has thermal wind added onto it:

u(z) = G(1 - e-ζ cos ζ) + Mz

v(z) = G e-ζ sin ζ + Nz (ζ = z/δ, δ = (2ν/f)1/2)

This can considerably alter the BL wind profile. The largest crossing angle of the surface wind di-
rection across the isobars is seen if M< 0, N > 0 ,corresponding  to surface cold advection. This
effect is clearly seen in the figure below of crossing angle vs. thermal wind orientation in 23000
wind profiles over land (Hoxit 1974). On weather maps, one can see much larger crossing angles
behind cold fronts than ahead of them. On the other hand, the wind turns less with height if N > 0
(surface cold advection)

Turbulence Profiles (Garratt 3.3)

For applications such as the dispersion of pollutants, it is important to understand the charac-
teristics of turbulence in different types of BL.  LES simulations  illustrate some of these charac-
teristics.  Most of the figures below are from Moeng and Sullivan (1994, JAS, 51, 999-1022).

Neutral BLs

Moeng and Sullivan simulated a neutral BL capped by a strong (8 K) inversion at a height of
zi = 500 m. The geostrophic wind is 15 m s-1 in the +x direction and u* = 0.5 m s-1. The figures on
4.1.4 show x-y slices of u´ at various heights, and the wind hodograph.  Because of the capping
inversion, the wind shear within the bulk of the BL is fairly small (nearly a mixed layer), with
strong wind shear across the inversion.
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Garratt

Same for v Same for θ
- 7.2 -



Atm S 547    Boundary Layer Meteorology                                                                   Bretherton
Ekman spirals for  thermal wind with M = 0 and N  > 0  ,

Sorbjan

N = 0 (no thermal wind), N < 0.  Near-surface wind is
oriented more in +y direction (larger crossing angle) for
N > 0.

Isobaric crossing angle of surface wind vs. angle of thermal wind. Afternoon

M < 0
N = 0

M > 0
N = 0

M = 0
N > 0

M = 0
N < 0

M > 0
N = 0

(00 Z) soundings show stronger effect due to stronger vertical mixing in a
more convective BL (Hoxit 1974)
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Moeng and Sullivan 1994
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We can see that at the top of the surface layer (z/zi = 0.1) , u´ is organized in streaks, corresponding
to long cylindrical eddies or ‘rolls’ oriented about 20° to the left of the geostrophic wind. The wind
perturbations weaken and become less linearly organized with height. The figure below shows an
x-z cross section of u´, w´, and u´w´ across the center of the domain in y. Here one can see the
strong negative correlation between u´ and w´ (updrafts have a small u than downdrafts), especially
for z/zi < 0.5. In fact, the correlation coefficient between u´, w´ is -0.4 at below this level.

The variances of the three velocity components are shown on the next page, along with their
counterparts for a convective BL.   For a neutral BL, they are all strongest near the ground, with
the strongest perturbations in u at all levels. Their sum, divided by two, is the TKE profile. As we
have discussed already, the TKE budget is essentially a balance between shear production (most
of which occurs in the lowest 20% of the BL where shear and momentum fluxes are both largest)
and turbulent dissipation, with little contribution from turbulent transport.

Although there is no surface buoyancy flux, the turbulence does erode the capping inversion,
creating a small downward entrainment buoyancy flux w´b´i. In fact, we find that

w´b´i = -u*
3/zi

If we assume that the whole boundary layer is warmed equally by entrainment of warm air from

Moeng and Sullivan 1994

       Vertical section through a neutral BL.Note strong anticorrelation between u´  and w´.
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above the inversion, we can associate a buoyancy flux profile with the entrainment which varies
linearly from 0 at z = 0 to w´b´i at the inversion. The consumption rate of TKE by this buoyancy
flux, vertically averaged over the BL,  is w´b´i/2 =  -0.5u*

3/zi.  If we compare this to the overall
dissipation rate of TKE, we find that the TKE dissipation rate is much larger than this at the surface
but about 2u*

3/zi in the upper part of the BL; i. e. entrainment is consuming  around 25% of the
TKE generated in this region.

Weakly Unstable BLs

Moeng and Sullivan also simulated a weakly unstable boundary layer , also under a capping
inversion. This was similar to their neutral case, but with a surface hear flux of 50 W m -2, giving
an Obuhkov length L = -300 m comparable to zi. In this case (page 4.1.7), the streaky structure is
still apparent at the lowest levels, but large convective rolls dominate the turbulence higher in the
BL and help keep it well-mixed.  The buoyant and shear contributions to TKE are comparable in
this case. A velocity scale based on surface buoyancy flux can be derived from the TKE equation.

w* = (B0zi)
1/3

(Note that zi/L = -kw*
3/u*

3); for this case w* = 0.9 m s-1. For the buoyancy and shear driven BL a
combined velocity scale wm

3 = 5u*
3 + w*

3 seems to work best. In particular, with any combina-
tion of surface buoyancy flux and shear, Moeng and Sullivan found that the entrainment buoyancy
flux is roughly

w´b´i = -0.2 wm
3/zi

Moeng and Sullivan 1994
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Moeng and Sullivan 1994

Rolls driven by convection and shear.
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Moeng and Rotunno 1990Pure convective BL
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Convective BLs

Lastly, let’s look at a purely buoyancy-driven or convective BL. The simulations shown
(Moeng and Rotunno 1990, JAS) are below a rigid boundary and do not include entrainment, but
do show the overall structure well. At the bottom, there is a very good correlation between w´ and
θ´, with polygonal regions of updraft separating circular patches of downdraft. As we move close
to the BL top, the updrafts accelerate and combine to become circular, and the temperature fluctu-
ations become much less well correlated with the updrafts. For penetrative convection, in fact the
updrafts would be a bit cooler than the surrounding air at the highest level shown.

The velocity variances (previous page) show a very different structure than for a shear-driven
BL. They are dominated by the large eddies, which have updrafts in the middle of the BL and pre-
dominantly lateral motions at its top and bottom. There is much more velocity variance in the up-
per part of the BL, so the TKE and TKE dissipation rate are almost uniform with height and equal
to 0.4w*

3/zi. As in the upper part of a shear-driven BL , about 25% of the TKE generated is going
into consumption by entrainment, which averaged over the BL is w´b´i/2 = 0.1w*

3/zi.  .
Below are shown  LES simulations (Sullivan et al. 1998, JAS) of the top of a convective BL

penetrating a moderate inversion of 4 K (grid resolution at top right of each plot). White indicates
θ < 304 K, other shades increasing θ up to 308 K. Arrows indicate velocity in the x-z plane. Plots
show a sequence of times 10 s apart. Note the undulations in the BL top, with downward moving
air on the edge of hummocks where updraft air has partly mixed with free-tropospheric air. These
motions produce the negative buoyancy flux in the entrainment zone, which for a pure convective
BL reaches -0.2B0 . Also note in panels e-h the formation of an ‘entrainment tongue’ at x = 1750
m of partly mixed, buoyant air that is getting sucked into the BL.
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Lecture 8.  Parameterization of BL Turbulence I

In the next two lectures we will summarize several approaches to parameterization of BL ver-
tical turbulent transports that are commonly used in large-scale forecast and climate models. In
such models, the horizontal grid resolution is insufficient to resolve the most energetic BL turbu-
lent eddies, which might be tens of meters to 1-2 km across. Furthermore, while the lowest one or
two model levels are usually taken to be 100 m or less from the ground to resolve stable BLs, the
vertical grid spacing at a height of 1 km is typically 100-500 m, so the vertical structure of the BL
can be at best coarsely resolved. Table 1 shows the distribution of thermodynamic gridpoints in the
lowest 20% of the atmosphere for three representative models- the NCAR Community Climate
Model version 3 (CCM3, 18 levels overall), the ECMWF operational forecast model (60 levels
overall), and the MM5 mesoscale model as used for real-time forecasting in the Pacific Northwest
(37 levels overall).

Three parameterization approaches are popular. In order of simplicity, they are:
1. Mixed layer models

2. ‘Local’ closures based on eddy diffusivity

3. ‘Nonlocal’ closures

Horizontal turbulent fluxes are invariably neglected as they are very small compared to advection
by the mean wind. We will reserve discussion of parameterization of cloudy boundary layers for
later.

Model Levels in the Lower Troposphere

1000 mb

 950 mb

 900 mb

 850 mb

 800 mb

CCM3 ECMWF MM5
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Mixed Layer Models

Mixed layer models (MLMs) assume that u, v, and θ in the BL are uniform (‘well-mixed’).
They are most applicable to convective BLs and represent stable BLs rather poorly. However, they
are relatively simple to add moist physics too, and do not require a fine vertical grid to work. They
are. mainly used by researchers and teachers as a conceptual tool for understanding the impacts of
different physical processes on BL turbulence.  However, at least one GCM (the CSU/UCLA
GCM) uses a mixed layer model to describe the properties and depth of its lowest grid layer. For
simplicity, we will consider a case with no horizontal advection or mean vertical motion, no ther-
mal wind, and no diabatic effects above the surface. We will assume that the surface momentum
and buoyancy fluxes are given (in general, these will depend upon the mixed layer variables, but
we needn’t explicitly worry about this now). We let h be the mixed layer top, at which there may
be jumps in the winds and potential temperature, denoted by ∆. Turbulence in the mixed layer en-
trains free-tropospheric air from just above the mixed layer, causing h to rise at the entrainment
rate we.

(1)

(2)

(3)

(4)

Since the left hand sides of (1-3) are height-independent, the right hand sides must be, too, so
the fluxes of u, v, and θ are linear with z (note that this would no longer be the case for a baroclinic
BL in which ug varied with height, or in the presence of internal sources or sinks of θ) .The fluxes
are given at the surface. The entrainment deepening of the BL, in which free-tropospheric air with
value a + ∆a of some property a (= u, v, θ) is replaced by BL air with a = a at the rate we, requires
a flux

w´a´(h) = -we∆a

Thus the right hand side of the mixed layer equation for a is just.

This closes the set of equations (1-4) except for a specification of we, called the entrainment clo-
sure. This is the big assumption in any MLM. For cloud-free unstable to nearly neutral mixed lay-
ers, formulas such as that from last time (Moeng and Sullivan 1994) are commonly used:

w´b´(h) = -we∆b = -(0.2w*
3 + u*

3)/h,     where ∆b = g∆θv/θv0

Recall that w* and u* are determined by the surface buoyancy and momentum fluxes, respectively,
so this closure determines we in terms of known variables, enabling (1-4) to be integrated forward

∂u
∂t
------ f v vg–( )–

z∂
∂

u ′w ′–=

∂v
∂t
----- f u ug–( )+

z∂
∂

v ′w ′–=

∂θ
∂t
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z∂
∂

w ′θ′–=

t∂
∂h

we=

z∂
∂

w ′a ′–
w– e∆a w ′a ′ 0( )–

h
------------------------------------------–=
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in time.   This type of entrainment closure is well-supported by observational evidence and LES
simulations, especially in the purely convective BL, in which the above relation reduces to

w´b´(h) = -(0.2w*
3 + u*

3)/h = -0.2B0

An observational verification of this from data taken in a daytime convective BL over land is
shown above. In fact, a classic application of a MLM is to the deepening of a convective boundary
layer due to surface heating; we’ll look at this when we discuss the diurnal cycle of BLs over land.

Local (Eddy diffusivity)  parameterizations (Garratt 8.7)

In eddy-diffusivity (often called K-theory) models, the turbulent flux of an adiabatically con-
served quantity a (such as θ in the absence of saturation, but not temperature T, which decreases
when an air parcel is adiabatically lifted) is related to its gradient:

(5)

The key question is how to specify Ka in terms of known quantities. Three approaches are com-
monly used in mesoscale and global models:

 i) First-order closure, in which Ka is specified from the vertical shear and static stability, or by
prescribing a

 ii) 1.5-order closure or TKE closure, in which TKE is predicted with a prognostic energy equa-
tion, and Ka  is specified using the TKE and some lengthscale.

 iii)K-profiles, in which a specified profile of Ka is applied over a diagnosed turbulent layer depth.
From here on we will drop overbars except on fluxes, so a(z) will refer to an ensemble or horizontal
average at level z. The following discussion of theseapproaches is necessarily oversimplified; a lot
of work was done in the 1970’s on optimal ways to use them. An excellent review of first, 1.5, and
second-order closure is in Mellor and Yamada (1982, Rev. Geophys. Space Phys., 20, 851-875)

First-order closure

We postulate that Ka depends on the vertical shear s = |du/dz|, the buoyancy frequency N2, and
an eddy mixing lengthscale l. In most models, saturation or cloud fraction is accounted for in the

In a convective BL, entrainment buoyancy flux is -0,2B0

w ′a ′ Ka
da
dz
------–=
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computation of N2. From the shear and stability one defines a Richardson number Ri = N2/s2. Di-
mensionally,

Ka = length2/time = l2sFa(Ri) (6)

One could take the stability dependence in F(Ri) the same as found for the surface layer in Mo-
nin-Obhukov theory, e. g. F(Ri) = [φa(ζ)φm(ζ)]-1, where ζ depends on Ri as in the surface layer,
and φa = φm (if a is momentum) or φh (if a is a scalar). This is fine in the stable BL. In the convec-
tive BL it gives (see notes p. 6.2) F m(Ri) = (1 - 16Ri)1/2 and F m(Ri) = (1 - 16Ri)3/4. However, in
nearly unsheared convective flows, one would like to obtain a finite Ka independent of s in the limit
of small s. This requires Fa ∝ (-Ri)1/2 so Ka ∝ l2s(-Ri)1/2 = l2(-N2)1/2. This is consistent with the
M-O form for Km but not for Kh. Thus, we just choose Kh = Km to obtain:

Fh, m(Ri)  =

No turbulent mixing is diagnosed unless Ri < 0.2. Every model has its own form of F(Ri), but most
are qualitatively similar to this.  Usually, if this form is used within the stable BL, the F’s are en-
hanced near the surface (no Ri = 0.2 cutoff) to account for unresolved flows and waves driven, for
instance, by land-sea or hill-valley circulations that can result in spatially and temporally intermit-
tent turbulent mixing.

Many prescriptions for l exist.  The only definite constraint is that l → kz near the surface to
match (6) to the eddy diffusivity in neutral conditions to that observed in a log layer, Ka = ku*z.
One commonly used form for l (suggested by Blackadar, 1962) is

l =

where the ‘asymptotic lengthscale’ λ is chosen by the user. A typical choice is λ = 50-100  m, or
roughly 10% of the boundary layer depth.  The exact form of l is less important than it might ap-
pear, since typically there will be (i) layers with large Ka, and small gradients (i. e. fairly well
mixed layers) in which those small gradients will just double (but still be small) if Ka, is halved, to
maintain the same fluxes, (ii) layers with small Ka where physical processes other than turbulence
will tend to dictate the vertical profiles of velocity and temperature, and (iii) a surface layer, in
which the form of Ka is always chosen to match Monin-Obuhkov theory, and so is on solid obser-
vational ground.

1.5-order closure

Now we prognose the TKE e = q2/2  based on the shear and stability profiles.
Using the same eddy mixing lengthscale as above, dimensionally

Ka = (length)(velocity) = lq Sa(GM, GH), a = M (momentum) or H (heat)

GM = l2S2/q2, GH = -l2N2/q2

Closure assumptions and measurements discussed in Mellor and Yamada dictate the form of SM
and SH in terms of the nondimensional shear and stratification GM and GH. These are complicated
algebraic expressions, but are shown in the figure on the next page. As in first order closure, the

1 16Ri–( )1 2⁄
(unstable),

1 5Ri–( )2
(stable)






λ
1 λ kz⁄+
----------------------
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stability functions are larger in unstable stratification (GH > 0) than in stable stratification (GH < 0).
To determine the evolution of q, we use the TKE equation

 = S  + B + T - ε. (7)

We model the shear and buoyancy production terms using eddy diffusion to find the fluxes:

S  =  = lq Sm|du/dz|2

B  =  = -lq ShN2

We model the transport term by neglecting pressure correlations and using eddy diffusion to model
the flux of TKE:

   (Sq is often taken to be 0.2)

T  =   =

Lastly, the dissipation term is modelled in terms of characteristic turbulent velocity and length-
scales. While the lengthscale in ε is related to the master lengthscale, it is necessary to intoduce
a scaling factor to get the TKE to have the right magnitude:

ε  = q3/(lB1),, B1 ≈ 15.

t∂
∂ q

2

2
----- 

 

Stability functions for TKE closure.

Mellor and Yamada, 1982
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Virtual temperature evolution  observed during two days of  the
Wangara expt. (top) and modelled with a TKE closure (bottom)

Same for u velocity.
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With these forms for all the terms in the TKE equation, it can now be integrated forward in time.
The basic improvement in using TKE vs. 1st order closure is that there is TKE ‘transport’ (through
eddy diffusion) and storage. In the surface layer, where storage and transport are negligible com-
pared to local shear and buoyancy production of TKE, the latter must balance dissipation, and, one
finds that ε  = S  + B , so

q3/(lB1) = lq Sm|du/dz|2 - lq ShN2

q2 = B1l2{Sm|du/dz|2 - ShN2}

Hence, q can be eliminated in place of the local shear and stratification, and we recover the first
order closure method. In the SH-SM figure, the thin line (PS+PB)/ε = 1 corresponds to this case.

K-profile methods

For specific types of boundary layer, one can use measurements and numerical experiments to
specify a profile of eddy diffusivity which matches the observed fluxes and gradients. This can be
particularly useful in situations such as stable nocturnal BLs which can be difficult for other meth-
ods. Such methods require a diagnosis of BL height h, then specify a profile of K. For instance ,
Brost and Wyngaard (1978) combined theoretical ideas and observational analysis to proposed the
following profile for stable BLs:

Km = ku*hP(z)/(1 + 5z/L), P(z) = (z/h)(1 - z/h)3/2

This method is designed to approach the correct form ku*z/φm(z/L) in the surface layer, where z/h
<< 1.   Similar approaches are have been used for convective BLs. Advantages of the K-profile
method are that it is computationally simple and works well even with a coarsely resolved BL, as
long as the BL height h can be diagnosed fairly well. On the other hand,  it is  tuned to specific
types of BL,and may work poorly if applied more generally than the situations for which it was
tuned.

Modelled TKE profile for simulation on previous page
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Comments on local closure schemes

First-order closure is most appropriate for neutral to weakly stable BLs in which little transport
of TKE is occuring and the size of the most energetic eddies is a small fraction of the BL depth. In
this case, it is reasonable to hope that the local TKE will be dependent on the local shear and sta-
bility, and that since the eddies are small, they can be well repressented as a form of diffusion.
However, it works tolerably well in convective boundary layers as well, except near the entrain-
ment zone. In an entrainment zone, Transport of TKE into the entrainment zone is required to sus-
tain any turbulence there. Since this is ignored in 1st order closure, there is no way for such a model
to deepen by entrainment through an overlying stable layer, as is observed. BL layer growth must
instead be by encroachment, i. e. the incorporation of air above the BL which has a buoyancy lower
than that within the BL. This does allow a surface-heated convective boundary layer to deepen in
a not too unreasonable manner, but creates severe problems for cloud-topped boundary layer mod-
eling. Almost all large-scale models (e. g. CCM3, ECMWF, and MM5) include a first-order clo-
sure scheme to handle turbulence that develops above the BL (due to Kelvin-Helmholtz instability
or elevated convection, for instance).

1.5-order closure is also widely used, especially in mesoscale models where the timestep is
short enough not to present numerical stability issues for the prognostic TKE equation.  The Mel-
lor-Yamada and Gayno-Seaman PBL schemes for MM5 are 1.5 order schemes that include the ef-
fect of saturation on N2. The Burk-Thompson scheme for MM5 is a 1.5 order scheme with
additional prognostic variables for scalar variances (‘Mellor-Yamada Level 3’).  The TKE equa-
tion in 1.5-order closure allows for some diffusive transport of TKE. This creates a more uniform
diffusivity throughout the convective layer, and does permit some entrainment to occur.Quite re-
alistic simulations of the observed diurnal variation of boundary layer temperature and winds have
been obtained using this method (see figures on next page). However, getting realistic entrainment
rates for clear and cloud-topped convective BLs with this approach requires considerable witch-
craft. The BL top tends to get locked to a fixed grid level if there is a significant capping inversion
and vertical grid spacing of more than 100 m or so.  TKE closure has also proved successful for
cloud-topped boundary layers, but again only with grid spacings smaller than is currently feasible
for GCMs. Grenier and Bretherton (2001, MWR, 129, 357-377) showed that this method works
well for convective BLs even at coarse resolution when combined with an explicit entrainment pa-
rameterization at the BL top, implemented as an effective diffusivity.

K-profile methods are widely used in GCM BL parameterizations (e.g. CCM3). For convective
boundary layers, a nonlocal contribution is usually also added to the fluxes (see below).

Nonlocal closure schemes

Any eddy diffusivity approach will not be entirely accurate if most of the turbulent fluxes are
carried by organized eddies filling the entire boundary layer (such as boundary layer rolls or con-
vection). Consequently, a variety of ‘nonlocal’ schemes which explicitly model the effects of these
boundary layer filling eddies in some way have been proposed. A difficulty with this approach is
that the structure of the turbulence depends on the BL stability, baroclinicity, history, moist pro-
cesses, etc., and no nonlocal parameterization proposed to date has comprehensively addressed the
effects of all these processes on the large-eddy structure. Nonlocal schemes are most attractive
when the vertical structure and turbulent transports in a specific type of boundary layer (i. e. neutral
or convective) must be known to high accuracy. For instance, successful applications include the
detailed thermal structure (i. e. deviation from neutral static stability) within a convective boundary
layer, or the velocity structure and relation of near-surface wind to geostrophic wind within a
- 8.8 -
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near-neutral boundary layer (this is the motivation for the PBL model developed here at UW by
Bob Brown’s group).
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Lecture 5.1  Nonlocal Parameterizations for Unsaturated BLs

In this lecture, we describe three nonlocal parameterizations for unsaturated BLs:
1. Holtslag-Boville scheme (used in CCM3)

2. Blackadar scheme (MM5)

3. UW PBL scheme (used by Bob Brown’s group for using satellite microwave scatterometer
measurements of surface wind to determine geostrophic wind.)

We describe 1 and 2 in the notes; 3 will be discussed by guest-lecturer Dr. Ralph Foster.

Holtslag-Boville Scheme

References:

Troen,, I., and L. Mahrt, 1986:  A simple model of the atmospheric boundary layer:  Sensitivity
to surface evaporation.Bound.-Layer Meteor., 37, 129-148.

Holtslag, A. A. M., and C.-H. Moeng, 1991:  Eddy diffusivity and countergradient transport in
the convective atmospheric boundary layer .J. Atmos. Sci., 48, 1690-1698.

Holtslag, A. A. M., and B. A. Boville, 1993:  Local versus nonlocal boundary layer diffusion
in a global climate model.J. Climate, 6, 1825-1842.

Holtslag and Moeng  (1991,JAS) examined the  prognostic equation for an advected scalara
in a surface-heated convective BL. By modeling the individual terms, they concluded that

w´a´ = -Ka 0 < z < h

The second term on the right, which can be interpreted as a nonlocal flux ofa, is due to bound-
ary-layer filling convective eddies which transport the surface flux ofa upward regardless of the
local gradient ofa. Assuming the surface flux ofa is positive, the result of the nonlocal term is to
produce a BL with in whicha decreases less with height than if pure first-order closure were used.

Ka = kwtz(1 - z/h)2 ,  k = 0.4 is von Karman constant

z∂
∂a γa– 

 

Holtslag and Boville 1993
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γa = A , A = 7.2

wt = Pr{u*
3 + c1w*

3}, c1 = 0.6, Pr = 1 (momenta), 0.6 -1 (scalars)

h   = ,  Ricr =  0.5 (optimal value depends on model∆z)

The nonlocal flux is largest near the center of the boundary layer, with a maximum value

w´a´nonlocal, max  = Ka, maxγa  = 0.43(w* /wt)w´a´0  atz = h/3

Since the nonlocal flux  is proportional tow* /wt, it  is only active in unstable boundary layers where
the convective velocityw*  is significant. In stable or neutral BLs, the parameterization reduces to
aK-profile eddy diffusivity.

The surface fluxes are computed using an approximation to Monin-Obuhkov theory.  In a
coarsely resolved model, the actual gradient ofa as a function ofz is not explicitly computed, so
bulk aerodynamic formulas due to Louis (1979,Bound.-Layer Meteor.), which are based only on
the difference between the surface valuea0 and its valuea0 at the lowest gridpoint at heightz1, are
used.  The transfer coefficient  for a scalara, given roughness lengthz0, is of the standard form

Ca  = CN F(Ri0),    whereCN = k2/ln2(z1/z0)
2 is standard neutral transfer coeff.

Ri0 = z1(b1 - b0)/|u1|
2,   wherebi = g(θvi - θR)/θR is mean buoyancy at leveli.

F(Ri0)  =

Note thatF(Ri0) is always positive regardless of how large Ri0 is. This is because even if Ri0 is too
large to support steady turbulence at heightz1, there will be turbulence and turbulent fluxes closer
to the ground which should modify the lowest model layer.

The nonlocal closure tends to produce a warmer, deeper convective BL than first-order closure.
This is often a step in the right direction, but can be misleading for cloud-topped boundary layers
where the estimated BL depth can be too deep.

w* w′a′( )0

wt
2
h
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Ricr u h( )2
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1
1 10Ri0 1 8Ri0+( )+
--------------------------------------------------- ,     stable Ri0 0>( )













- 5.1.3 -

Atm S 547    Boundary Layer Meteorology                                                                   Bretherton

Comparison of CCM3 with local (solid) and nonlocal (dashed) closures with
July climatology for San Juan, Puerto Rico (a trade-cumulus regime)

Holtslag and Boville 1993

Blackadar convective BL (from Grell et al. 1994)
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Blackadar high-resolution PBL scheme

References

Blackadar, A. K., 1979:Advances in Environmental Science and Engineering, 1, No. 1, Pfafflin
and Ziegler, Eds., Gordon and Breach Publishers, 50-85.

Zhang, D.-L., and R. A. Anthes, 1982:  A high-resolution motdel of the planetary boundary lay-
er- sensitivity tests and comparisons with SESAME-79 data.J. Appl. Meteor, 21,
1594-1609.

Grell, G. A., J. Dudhia, and D. R. Stauffer, 1994:A Description of the Fifth-Generation Penn
State/NCAR Mesoscale Model (MM5). NCAR Tech. Note NCAR/TN-398, pp. 91-97.

Like the Holtslag-Boville scheme, the Blackadar scheme distinguishes between stable and un-
stable BLs. For stable BLs, conventional first-order closure is used. Turbulence is reduced to weak
‘background’ values if Ri0 > 0.2. Numerically efficient approximations to the M-O relations are
used in the stable to neutral regime in whichh/L  > -1.5, whereh is a diagnosed BL height.

For unstable BLs, a nonlocal scheme is used.  It is based on conceptual models and observa-
tions of BL convection. The lowest model thermodynamic level is assumed to represent the surface
layer and is labeled by subscripta.   Vertical exchange is visualized as the result of plumes origi-
nating in the surface layer mixing with air at each level belowh.  The BL depthh is taken to be the
maximum penetration height of undilute plumes. They are assumed to accelerate due to their buoy-
ancy until they reach their level of neutral buoyancyznb. At this point their upward kinetic energy
wp

2/2 ∝ P, whereP is their vertically integrated buoyancy perturbation.  Due to their inertia, the
plumes overshoot, topping out at a levelh at which their vertically integrated buoyancy deficitN
= -0.2P (see figure above).  This defines the BL top:

   atz = h, where bp(z) = g(θva - θv(z))/θR

The (unstable) stratification of the lowest model layer above the surface layer is assumed to be
related to the sensible heat flux through this layer, following observations of Priestley (1956):

whereB is a coefficient that depends only on the heights of the first two model levels. In the surface
layer,

These equations will reach an equilibrium in whichθva is larger thanθv,3/2 by an amount sufficient
to carry the surface heat flux out of the surface layer into the rest of the BL.

The scheme now postulates a mass exchangembetween the surface layer and each other layer
belowz = h:

N
P
----

bp z( ) zd
znb

h

∫–

bp z( ) zd
0
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∫
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,  where the buoyancy flux

The value of a scalar such asθ in the BL is now assumed to change due to  turbulent exchange with
the surface layer according to

For momenta,m is multiplied by a factor 1 -z/h to account for the fact the momentum mixing is
somewhat less efficient than mixing of scalars in a convective BL.

Comparisons of this parameterization with LES results have not been presented, and two case
studies presented by Zhang and Anthes (1982) show fair, but not excellent agreement with ob-
served BL evolution over land. Thus, the convective, nonlocal part of this scheme should probably
be regarded as being on a shakier footing than the Holtslag-Boville scheme. It is not entirely clear
that either of these schemes is superior to first order closure in practice.

m w′b′1 0.64P⁄= w′b′1
g

θR
------w′θv′1=

∂θ
∂t
------ m θa θ–( )=
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Lecture 10.   Surface Energy Balance (Garratt 5.1-5.2)

The balance of energy at the earth’s surface is inextricably linked to the overlying atmospheric
boundary layer. In this lecture, we consider the energy budget of different kinds of surfaces. Con-
sider first an ideal surface, which is a very thin interface between the air and an underlying solid
or liquid medium that is opaque to radiation.  Because it is thin, this surface has negligible heat
capacity, and conservation of energy at the surface requires that

RN = HS + HL + HG.

where (note sign conventions)
HS (often just called H) is the upward surface sensible heat flux

HL = LE is the upward surface latent heat flux due to evaporation at rate E

HG is the downward ground heat flux into the subsurface medium.

RN is the net downward radiative flux (longwave + shortwave).

The ratio B = HL/HS is called the Bowen ratio. L = 2.5×106 J kg-1 is the latent heat of vaporization.
Over land, there is a large diurnal variation in the surface energy budget (see schematic below).
Over large bodies of water, the large heat capacity of the medium and the absorption of solar radi-
ation over a large depth combine to reduce the near-surface diurnal temperature variability, so HS
and HL vary much less. However, the surface ‘skin temperature’ of a tropical ocean can vary diur-
nally by up to 3 K in sunny, light-wind conditions.

An ideal surface is not usually encountered. Real surfaces may include a plant canopy or other
features such as buildings not opaque to radiation and with a significant heat capacity. In this case,
it is more appropriate to define an interfacial layer which includes such features. We let W(t) be the
energy stored within this layer per unit horizontal area. The revised layer energy budget is:

RN = HS + HL + HG + dW/dt.

We could also consider the energy budget of control volumes with finite horizontal extent (e.
g. a parking lot, city, or larger geographic region). In this case horizontal transfer of energy may
also be important; we won’t consider this complication here.

Arya
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Examples

The energy budget measured over a dry desert lake bed is shown above. In this case, latent heat
fluxes are negligible. During the day, copious solar radiation is absorbed at the surface, and the
ground heats up rapidly. Initially, most of the heat is conducted down into the soil, but as the layer
of warmed soil thickens, HS dominates; the heat is primarily transferred to the air. This is promot-
ed by extreme differences (up to 28 K) between the ground temperature and the 2 m air tempera-
ture. At night, surface radiative cooling is balanced by an upward ground heat flux. Since the
nocturnal boundary layer is very stable, the turbulent heat flux HS is negligible.

The energy budget of a barley field is shown below. During the daytime, radiative heating of
the surface is balanced mainly by latent heat flux due to evapotranspiration, i. e. evaporation from
the soil surface and transpiration by the plant leaves. In the lingo, the Bowen ratio is small, -0.3 to
0.3. HL can be so large that the surface gets cooler than the air during early morning and late af-
ternoon and the heat flux is downward. For a field, heat storage is usually negligible. At night, all
terms become much smaller; as before, radiative cooling is mainly balanced by ground heat flux..

The last example is a Douglas fir forest (next page). Here latent and sensible heat fluxes are
comparable during the day. The storage and ground heat flux are lumped in the curves, but for deep
forest, the storage term dominates. At night, release of heat from the tree canopy and condensation
(dew) balance radiative energy loss.

Arya

Arya
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Net radiation at the surface

The net radiation RN is due to the difference between downwelling and upwelling shortwave
plus longwave radiative fluxes. The net shortwave flux depends on the incident solar radiation Rs↓
and on surface albedo as. The net longwave flux depends upon the downwelling longwave radia-
tion RL↓ , the surface emissivity εs, and the radiating temperature Ts:

RN = Rs↓  - Rs↑  + RL↓  - RL↑ = (1 - as)Rs↓  + RL↓  - {(1- εs)RL↓ + εsσTs
4}

Thus, the surface characteristics critically influence RN. A table of typical surface radiative char-
acteristics is given below.  Albedos are quite diverse, while emissivities are usually near, but not
equal, to 1.

Arya

Arya
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An example of the surface radiation components is shown above.

Soil temperatures and heat flux

The surface or skin temperature is important for the radiative balance of the surface and for pre-
dicting frost and dew. It can be quite different than the ‘surface’ air temperature, which is conven-
tionally measured at 1.5-2 m. In fact, it can be difficult to even measure in situ because it is difficult
to shield and ventilate a sensor placed at the surface. Furthermore, if there is a plant canopy or sur-
face inhomogeneity, there is no single uniquely definable surface temperature. Radiatively, an ap-
parent surface temperature can be determined from the upward longwave energy flux if the
emissivity is known.  Large diurnal variations in skin temperature are achieved for bare, dry sur-
faces in clear calm conditions. Under such conditions, midday skin temperature may reach 50-60
C, while early morning skin temperatures can drop to 10-20 C.

The surface temperature is related to the profile of temperature in the subsurface medium, as
illustrated in the figures on the next page.  In a solid medium, the subsurface temperature profile
is governed by heat conduction. Deeper in the soil, the diurnal temperature cycle decreases and lags
the cycle of skin temperature. Over an annual cycle, similar waves  penetrate further into the soil.

If z is depth into the soil and T(z, t) is soil temperature, Fourier’s law of heat conduction states:

HG = -k∂T/∂z,  (k = thermal conductivity)

Thermal energy conservation implies that

   (ρ = density, c = heat capacity)

Combining these two equations and assuming that the subsurface medium is homogeneous, so that
material constants do not depend on z, we obtain the diffusion equation

Arya

ρc
t∂

∂T ∂HG

∂z
-----------–=
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Observed diurnal subsurface soil temperature variability (Arya)

Observed annual subsurface soil temperature variability (Arya)
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  (κ = k/ρc = thermal diffusivity) (1)

A table of material properties is given below; the thermal conductivity varies over almost two or-
ders of magnitude from new snow (low) to rock (high). Wet soils have conductivities about five
times as large as dry soils.   The thermal diffusivity shows similar trends, but less variation.  Sur-
prisingly, κ is smallest for water due to its large heat capacity.

It is illuminating to look at a soil temperature wave forced by a sinusoidal variation in surface
temperature. We assume a deep soil temperature T(z → ∞) = T and take T(0) = T + A cos ωt. We
look for a solution to (1) that is also sinusoidal in time with the same frequency ω:

T(z, t) = T + Re{a(z)exp(iωt)}

Here a(z) is a complex-valued function of z. To satisfy (1):

iωa =  -κ d2a/dz2 (2)

To satisfy the boundary conditions,

a(0) = A, a(z → ∞) = 0

The solution of (2) that satisfies the BCs is

a(z) = A exp(-[1 + i]z/D), D = (2κ/ω)1/2

Garratt

t∂
∂T κ

z
2

2

∂

∂ T
=
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T(z, t) = T + exp(-z/D)cos(ωt - z/D) (3)

This solution is shown above. The temperature wave damps exponentially with depth z, and lags
the surface temperature wave by a phase z/D, which increases with depth (see observations at bot-
tom of page).  The damping depth D to which the temperature wave penetrates increases as the
oscillation frequency slows and is larger if the thermal diffusivity is larger.  For moist soil (κ =
0.8×10-6 m2s-1), D = 0.14 m for the diurnal cycle and 2.8 m for the annual cycle.

The ground heat flux at the surface is

HG = -k ∂T/∂z(0) =  -kA/D Re{[1 + i] exp(iωt)} = ρc(κω)1/2 cos(ωt + π/4)

It leads the surface temperature wave by 1/8 cycle. Hence, the ground heat flux is largest three
hours ahead of the surface temperature for a diurnally varying surface temperature cycle.

In practice, the diurnal cycle of surface temperature is not sinusoidal. Furthermore, the surface
temperature interacts with the sensible and latent heat fluxes so that the surface boundary condition
is really the energy balance of the surface, which is coupled to the atmosphere. Lastly, testing of
these formulas is complicated by the fact the temperature within 1 cm of the ground can be  non-
uniform, so the surface temperature and ground heat flux must be inferred from measurements

Garratt

Arya
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across a buried ‘flux plate’, a thin plate buried within the soil that measures heat flux based on the
temperature difference across it, typically at a depth of 1-2 cm.
- 10.8 -



Atm S 547    Boundary Layer Meteorology                                                                   Bretherton
Lecture 11.   Surface Evaporation (Garratt 5.3)

The partitioning of the surface turbulent energy flux into sensible vs. latent heat flux is very
important to the boundary layer development. Over ocean, SST varies relatively slowly and bulk
formulas are useful, but over land, the surface temperature and humidity depend on interactions of
the BL and the surface. How, then, can the partitioning be predicted?

For saturated ideal surfaces (such as saturated soil or wet vegetation), this is relatively straight-
forward. Suppose that the surface temperature is T0. Then the surface mixing ratio is its saturation
value q*(T0).  Let z1 denote a measurement height within the surface layer (e. g. 2 m or 10 m), at
which the temperature and humidity are T1 and q1. The stability is characterized by an Obhukov
length L. The roughness length and thermal roughness lengths are z0 and zT. Then Monin-Obuhkov
theory implies that the sensible and latent heat fluxes are

HS = ρcpCHV1(T0 - T1),

HL = ρLCHV1(q0 - q1),   where CH = fn(V1, z1, z0, zT, L)

We can eliminate T0 using a linearized version of the Clausius-Clapeyron equations:

q0 - q*(T1) = (dq*/dT)R(T0 - T1),    R indicates a value at a reference temperature,

that ideally should be close to (T0 + T1)/2

HL = s*HS +ρLCHV1(q*(T1) - q1),     s* = (L/cp)(dq*/dT)R (= 0.7 at 273 K, 3.3 at 300 K) (1)

This equation expresses latent heat flux in terms of sensible heat flux and the saturation deficit at
the measurement level. It is immediately apparent that the Bowen ratio HS/HL must be at most
s*-1 over a saturated surface, and that it drops as the relative humidity of the overlying air decreas-
es. At higher temperatures, latent heat fluxes tend to become more dominant. For an ideal surface,
(1), together with energy balance

RN - HG = HS  + HL

can be solved for HL:

HL = LEP  = Γ(RN - HG) + (1 - Γ)ρLCHV1(q*(T1) - q1) (2)

Γ = s* /(s* + 1) (= 0.4 at 273 K, 0.77 at 300 K)

The corresponding evaporation rate EP is called the potential evaporation, and is the maximum
possible evaporation rate given the surface characteristics and the atmospheric state at the measure-
ment height. If the surface is not saturated, the evaporation rate will be less than EP. The figure on
the next page shows HL vs. the net surface energy influx RN - HG for T1 = 293 K and RH1 = 57%,
at a height of z1 = 10 m, with a geostrophic wind speed of 10 m s-1, assuming a range of surface
roughness. Especially over rough surfaces (forest), HL often exceeds RN - HG, so the sensible heat
flux must be negative by up to 100 W m-2. The Bowen ratio is quite small (0.2 or less) for all the
saturated surfaces shown in this figure.
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Evaporation from dry vegetation

We consider a fully vegetated surface with a single effective surface temperature and humidity
(a ‘single-layer canopy’). The sensible heat flux is originates at the leaf surfaces, whose tempera-
ture is T0. The latent heat flux is driven by evaporation of liquid water out of the intercellular spaces
within the leaves through the stomata, which are channels from the leaf interior to its surface. The
evaporation is proportional to the humidity difference between the saturated inside of the stomata
and the ambient air next to the leaves. The constant of proportionality is called the stomatal resis-
tance (units of inverse velocity)

rst = ρ(q*(T0) - q0)/E (3)

Plants regulates transport of water vapor and other gasses through the stomata to maintain an op-
timal internal environment, largely shutting down the stomata when moisture-stressed. Hence rst
depends not only on the vegetation type, but also soil moisture, temperature, etc. Table 5.1 of Gar-
ratt shows measured rst, which varies form 30 -300 s m-1.

By analogy, we can define an aerodynamic resistance

ra = (CHV1)-1 = ρ(q0 - q1)/E (4)

Typical values of ra are 100 s m-1, decreasing in high wind or highly convective conditions. This
is comparable to the stomatal resistance. Working in terms of aerodynamic resistance in place of
CH is convenient in this context, as we shall see next, because these resistances add:

rst + ra= ρ(q*(T0) - q0)/E + ρ(q0 - q1)/E = ρ(q*(T0) - q1)/E, (5)

i. e. E  is identical to the evaporation rate over an equivalent saturated surface with aerodynamic
resistance rst + ra. The same manipulations that led to (1) and (2) now lead to:

HS = ρcp(T0 - T1)/ra

HL = LE  = ρ(q*(T0) - q1)/(rst + ra) = {s*HS +ρL(q*(T1) - q1)}{ra/(rst + ra)}

HL = Γ∗ (RN - HG) + (1 - Γ∗ )ρL(q*(T1) - q1)/ (rst + ra)              , (6)

Garratt
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          where Γ∗  = s* /(s* + 1 + rst/ra)

This is the Penman-Monteith relationship. Comparing (6) to (2), we find that Γ∗ < Γ, so the heat
flux will be partitioned more into sensible heating, especially if stomatal resistance is high, winds
are high, or the BL is unstable. The effect is magnified at cold temperatures where s* is small. The
ratio of HL to the saturated latent heat flux (2) given the same energy influx RN - HG is

HL/HL, sat =

Calculations of this ratio for neutral conditions, a 10 m s-1 geostrophic wind speed, and various
surface roughnesses are shown in the figure below. For short grass, the surface transfer coefficient
is low, so the aerodynamic resistance is high and stomatal resistance does not play a crucial role at
high temperatures (though at low temperatures it cuts off a larger fraction of the latent heat flux).
For forests, stomatal resistance is very important due to the high surface roughness (low aerody-
namic resistance).

Soil moisture

If the surface is partly or wholly unvegetated, the evaporation rate depends on the available soil
moisture. Soil moisture is also important because it modulates the thermal conductivity and hence
the ground heat flux, and affects the surface albedo as well as transpiration by surface vegetation.
For instance, Idso et al. (1975) found that for a given soil, albedo varied from 0.14 when the soil
was moist to 0.31 when it was completely dry at the surface.

If the soil-surface relative humidity RH0 is known, then the evaporation is

E = ρ(RH0q*(T0) - q1)/ra .

Note that net evaporation ceases when the mixing ratio at the surface drops below the mixing ratio
at the measurement height, which does not require the soil to be completely dry. Soil moisture can
be expressed as a volumetric moisture content η (unitless), which does not exceed a saturated value
η s, usually around 0.4. When the soil is saturated, moisture can easily flow through it, but not all
pore spaces are water-filled. As the soil becomes less saturated, water is increasingly bound to the

1
1 1 Γ–( ) rst ra⁄( )+
-----------------------------------------------
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soil by adsorption (chemicals) and surface tension.
The movement of water through the soil is down the gradient of a combined gravitational po-

tential gz (here we take z as depth below the surface) plus a moisture potential gψ(η). The moisture
potential is always negative, and becomes much more so as the soil dries out and its remaining wa-
ter is tightly bound.  Note ψ has units of height.  The downward flux of water is

Fw = - ρwK(η)∂(ψ + z)/∂z, (Darcy’s law)

where K(η) is a hydraulic conductivity (units of m s-1), which is a very rapidly increasing function
of soil moisture.  Conservation of soil moisture requires

ρw∂η/∂t  =  - ∂Fw/∂z

The surface relative humidity is

RH0  =  exp(-gψ|z = 0/RvT0)

i. e. the more tightly bound the surface moisture is to the soil, the less it is free to evaporate. Em-
pirical forms for ψ and K as functions of η have been fitted to field data for various soils:

ψ  = ψs(η/η s)
-b

K  = Ks(η/η s)
2b + 3

where ψs and Ks are saturation values, depending on the soil, and the exponent b is 4-12. For b =
5, halving the soil moisture increases the moisture potential by a factor of 32 and decreases the hy-
draulic conductivity by a factor of  4000!  Because these quantities are so strongly dependent on
η, one can define a critical surface soil moisture, the wilting point ηw, above which the surface rel-
ative humidity RH0 is larger than 99%, and below which it rapidly drops. The wilting point can be
calculated as the η below which the hydraulic suction -ψ exceeds 150 m.

Garratt
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Parameterization of surface evaporation in large-scale models

In practice, simplified formulations of soil moisture and transpiration are used in most models.
We will defer most of these until later. However, the MM5 formulation of surface evaporation is
particularly simplified. It is

E = ρLCHV1M(q*(T0) - q1),

i. e. the standard formula for evaporation off a saturated surface at the ground temperature T0 (cal-
culated by the model) multiplied by a moisture availability factor M between 0 and 1 that is as-
sumed to depend only on the surface type.  This formulation avoids the need to initialize soil
moisture, but is tantamount to assuming a surface resistance that is proportional to the aerodynamic
resistance, with

rs/ra = (1 - M)/M

While this type of formulation can be tuned to give reasonable results on an annually averaged ba-
sis, it is likely to be in error by a factor of two or more in individual situations, because rs and ra
are both subject to large and independent fluctuations. More sophisticated schemes explicitly prog-
nose soil moisture (often using relaxation to specified values deep within the soil to control fluc-
tuations) and vegetation characteristics and determine the evaporation from these.

MM5 surface types and their characteristics (Appendix 4 of MM5 manual)
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Lecture 12.   The diurnal cycle and the nocturnal BL

Over flat land, under clear skies and with weak thermal advection, the atmospheric boundary
layer undergoes a pronounced diurnal cycle. A schematic and an example from the Wangara ex-
periment are shown on the next page. This ‘archetypical’ diurnal cycle is muted by clouds and can
be entirely obscured by rapid changes in the free atmospheric conditions due for instance to the
passage of a midlatitude cyclone or front. It is also highly modified by terrain or nearby land-sea
contrasts. Despite these caveats, it is illuminating to study the archetypical case in more depth

During the night, the BL is stable due to surface longwave cooling, and a shallow temperature
inversion of typically 100-500 m builds up. After dawn, surface heating builds up a shallow con-
vective mixed layer, which deepens slowly and rapidly warms until it fully erodes the nocturnal
stable layer. At this point, the top of the new mixed layer starts to penetrate into the residual layer,
the remnants of the previous day’s afternoon mixed layer. This layer is very weakly stratified, so
the new mixed layer rapidly deepens into it, until it encounters the top of the previous day’s mixed
layer, which tends to be marked by a weak inversion. At this point, further BL warming occurs
much more slowly, as a much deeper layer must be warmed than in the early morning. In the late
afternoon, the solar heating is no longer sufficient to maintain upward surface buoyancy fluxes.
Within an hour (a few eddy turnover times), turbulence collapses through most of the boundary
layer and becomes restricted to a shallow layer, typically 100 m deep, driven by surface drag. Dur-
ing the night, clear-air radiative cooling is most intense near the cold surface, enhancing the static
stability of the lowest couple of hundred meters of air. Much of the nocturnal inversion can be at-
tributed to this cooling, rather than downward turbulent heat fluxes.  However, downward heat
fluxes of up to 50 W m-2 can occur near the surface at night under moderately strong geostrophic
winds.

Morning growth of the boundary layer (Garratt 6.1)

The rate of growth of the convective mixed layer is dictated primarily by energy balance,
though entrainment dynamics also play a significant role. As a simple example, consider the
growth of a mixed layer driven by a surface buoyancy flux B0 into an atmosphere of constant buoy-
ancy frequency N2.  The mean buoyancy profile in the free troposphere is

b+(z) = N2z (= g(θv
+(z) - θvR)/θvR, where we have chosen θvR as the initial θv

+  at z = 0.)

We assume (i) that the buoyancy flux is turned on at time t = 0, and (ii) that it leads to a convective
mixed layer of depth h(t) governed by the entrainment closure

w´b´(h) = -we∆b = -βB0   (β = 0.2, empirically) (1)

It is interesting to compare the solution with a realistic β to the case β = 0. In the latter limit, called
encroachment, convection is assumed not to be penetrative, and the mixed layer entrains air only
when its buoyancy is no larger than that of the mixed layer air.  Lastly, (iii) we neglect any mean
vertical motion within the atmosphere, so

we = dh/dt

The buoyancy b(z, t) obeys

∂b/∂t = -∂/∂z(w´b´)
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Integrating from the surface up to a fixed height H above the mixed layer top, we see that

Graphically, let A be the net area added to the buoyancy profile by the heating of the BL. Then

A = B0t (2)

We can now compare the cases of encroachment and an entraining boundary layer. The encroach-
ing BL has depth given by

h(N2h)/2 = A = B0t ⇒ hencr  = (2B0t/N2)1/2

As expected, h deepens more slowly as it gets larger, since more heat must be imparted to a deeper
boundary layer to raise its buoyancy by a given amount.

For the entraining BL, there is a ‘similarity’ solution in which the buoyancy profile retains the
same shape as it grows, so that

∆b(t) = cN2h(t) (c is an as yet unknown constant).

Consistency of (1) and (2) determines c. From (1),

βB0 = we∆b = (dh/dt)cN2h.

Integrating this equation from time 0 to t, starting with h(0) = 0, we get

βB0t = cN2h2/2 (3)

Turning now to (2), we write A as the difference of the ‘positive area’ APwhere the mixed layer
buoyancy bm(t) exceeds the original environmental buoyancy and the negative area AN where pen-

t∂
∂

b zd
0

H

∫ w ′b ′
0

H
– B0= =

A = B0t

hencr(t)

z

b
bm

b+(z)

bm

AP

AN

A = AP - AN = B0t

∆b b+(z)

B0 B0

h(t)

b

Encroachment Entrainment

Convective mixed layer evolution illustrating more rapid deepening if entrainment
is assumed to be penetrative (β = 0.2), compared to encroachment (β = 0).
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etrative convection has reduced the buoyancy. From the figure above, we see that bm + ∆b = b+(t)
= N2h, so bm = (1-c)N2h. The heights of the triangles making up AP and AN are N-2 times as long
as their bases, so the area of AP is bm(bm/N2)/2 and similarly for AN. Hence (2) can be written:

B0t = A = AP - AN = bm
2/2N2 - ∆b2/2N2 = [(1-c)2 - c2]N2h2/2 = (1 - 2c)N2h2/2. (4)

Dividing (3) by (4), we see that β = c/(1 - 2c), or that c = β/(1 + 2β). It follows from (4) that

hentr  =  (2B0t/N2(1 - 2c))1/2  = (2B0t(1 + 2β)/N2)1/2 ≈ (1 + β)hencr

We conclude that entrainment contributes about β = 20% to the boundary layer deepening. For a 1
km deep BL and N2 = 10-4 s-1, the inversion strength would be ∆b = .14N2h ↔ ∆θv ≈ 0.4 K, re-
gardless of the surface buoyancy flux. Entrainment hardly changes the boundary layer temperature.

The nocturnal jet

As turbulence dies down in the residual layer in late afternoon, it decouples from the BL. The
momentum flux convergence that was helping to reduce and turn the wind during the day suddenly
disappears, leaving a wind profile in which there is an imbalance between the two main horizontal
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forces, Coriolis force and pressure gradient force. The figure below shows the resulting evolution
of the wind during one night of the Wangara experiment (which took place over flat ground). Dur-
ing the night a strong jet develops above the nocturnal BL. In the bottom panel is another example
in which the geostrophic wind is also plotted. During the daytime, the wind component along the
geostrophic wind direction is subgeostrophic, but at night it is supergeostrophic.

This is one of the cleanest atmospheric examples of an inertial oscillation. The pressure gradi-
ent is horizontally uniform, so the ageostrophic wind ua = u - ug rotates clockwise with the Coriolis
period 2π/f, which at mid-latitudes is somewhat less than a day. Supergeostrophic winds ensue dur-

Garratt
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ing the night , as shown in the figure above. In the morning, the convective mixed layer deepens
into the residual layer, so the wind profile becomes frictionally coupled again.  The Great Plains
nocturnal southerly jet, prominent during the springtime when it can achieve speeds of 30 m s-1

less than 1 km above the surface, partially owes its origin to this mechanism. In this region,  cli-
matological southerly geostrophic flow occurs due to a thermal low over the elevated terrain to the
west (i. e. the Rockies). The strong enhancement of low-level southerlies during the night help
pump humid air northward, where it can help fuel severe thunderstorms and mesoscale convective
systems through the night.

Garratt
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Lecture13.  The stable BL (Garratt 6.2)

The stable nocturnal BL (NBL) has proved one of the more difficult types of BL to understand
and model. The boundary layer tends to be only 50-300 m deep. Turbulence tends to be intermittent
and gravity-wave like motions are often intermingled with turbulence, especially in the upper part
of the boundary layer. Radiative cooling in the air often has a comparable effect on the stratifica-
tion to the turbulence itself, reaching 1 K hour-1 or more in the lowest 50-100 m (by comparison,
a downward heat flux of H0 = -10 W m-2 out of a NBL h = 100 m would cool it at a rate dq/dt)turb
= H0/ρcph = 10-4 K s-1 = 0.3 K hr-1. Even the largest turbulent eddies do not span the entire BL
so there is a tendency to layering of chemicals and aerosols within the BL, especially in the upper
part of the BL where turbulence is weakest. Wind profiles are much less well-mixed at night than
during the daytime convective BL.

Stull

Stull

In an NBL, turbulence decreases sharply with height.
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Stull

Layered NBL with gravity wave undulations that can modulate local
shear, stratification, and hence turbulence.

Stull

Near a cold surface, radiative cooling can be surprisingly fast and
helps maintain a stable stratification.

Stull

(b) typifies strong-wind NBL, (d) a weak-wind NBL under clear sky.
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An idealized NBL model

One illuminating theoretical idealization is a NBL of constant depth driven by surface cooling
only (Nieuwstadt 1984, J. Atmos. Sci., 41, 2202-2216).  In practice, this is most realistic when
winds are strong, producing sufficient turbulence to make substantial downward buoyancy fluxes
that are much larger than the radiative flux divergence across the NBL (which is typically less than
10 W m-2). We take the friction velocity u*, the geostrophic wind Ug (taken to be in the +x direc-
tion), and the Coriolis parameter f as given.  (In a practical application we would likely know the
surface roughness length z0, not u*, but we could use the solution below to relate these two param-
eters).  We assume:
(i) The entire BL, extending up to a fixed but unknown height h, is cooling at the same rate,
and maintains fixed vertical profiles of stratification and wind.
(ii) No turbulence at the top of the BL
(iii) Within the bulk of the BL (above the surface layer), the sink of TKE due to buoyancy fluxes
is assumed to be a fixed fraction Rf ≈ 0.2 of the shear production of TKE. The remaining fraction
(0.8) of the shear-produced TKE goes to turbulent dissipation, as transport is observed to be neg-
ligible. This is the same as saying that the flux Richardson number Rf = 0.2.
(iv) No radiative cooling within the BL
(v) The (unknown) Obuhkov length L  is assumed much smaller than the boundary layer depth.
Hence, the largest eddies have a depth which is order of L, since deeper eddies do not have enough
TKE to overcome the stratification by the scaling arguments we made in discussing the z-less scal-
ing at z>>L when we discussed Monin-Obhukov theory.
(vi) The eddies act as an unknown, height-dependent eddy viscosity and diffusivity Km = Kh as sug-
gested by Monin-Obuhkov theory. Hence the gradient Richardson number Ri = Rf, so is also 0.2
throughout the BL.
(vii) The BL is barotropic.

Scaling

Note that one could also use first-order closure on this problem instead of invoking assump-
tions (iii), (v) and (vi) about the eddies and their transports. This would give a largely similar an-
swer as long as the lengthscale in the first-order closure was on the order of L through most of the
boundary layer depth, and could also be used to relax the assumptions of steadiness, uniform cool-
ing rate, no radiative cooling, and no thermal wind.  However, the equations would not permit a
closed-form solution which displays the parametric dependences clearly. We first scale the
steady-state momentum equations, then use a clever approach to solve them.

Assumptions (i) and (ii) imply that if the (unknown) surface buoyancy flux is B0 < 0, then

B(z)  = w´b´  = B0(1 - z/h) (1)

The steady-state BL momentum equations are

-f(v - vg) = - ∂/∂z( u´w´) (2)

  f(u - ug) = - ∂/∂z( v´w´) (3)

If {} indicates ‘scale of’, the above assumptions imply:

{u´}  =  {v´}  =  {w´}  = u*

{Km}   =  {eddy velocity scale}{eddy lengthscale}  = u*L
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⇒   {∂u/∂z} = {u´w´}/{Km}  = u*
2/u*L  = u*/L  (similarly for v)

{∂/∂z}  = h-1

To apply this scaling to (2)-(3), we differentiate them with respect to z, noting that the geostrophic
wind is constant with respect to height by assumption (vii):

-f∂v/∂z = -∂2/∂z2( u´w´) (4)

  f ∂u/∂z = - ∂2/∂z2( v´w´) (5)

Scaling the two sides of (4), we find

{f∂v/∂z} = fu*/L  =  {∂2/∂z2( u´w´)}  = u*
2/h2.

The same scaling holds for (5).  This implies a scaling for BL depth h:

h = γc(u*L/f)1/2 (6)

where γc is an as yet unknown proportionality constant.

Solution

Now we have understood the scaling of the equations, we solve them in nondimensional form.
This is a bit technical, so feel free to skip to the results. It is mathematically advantageous to com-
bine (4) and (5) into one nondimensional complex-valued equation.  Let the nondimensional
height, shear, momentum flux and eddy viscosity be:

ξ  = z/h, sv  =  (L/u*) ∂(u + iv)/∂z  and σ  =  (u´w´ + i v´w´)/u*
2, κm(ξ) = Km/u*L

Then (4) and (5) can be written:

sv  = iγc
-2 ∂2σ/∂ξ2 (7)

The boundary conditions come from the definition of friction velocity, and assumption (ii) that
stress vanish at the BL top. The surface momentum flux u*

2 is in the direction opposite the wind.
If the (unknown) surface cross-isobaric wind turning angle is α, then the two BCs are:

σ(0) = -eiα(1 + 0i)

σ(1) =  0  +  0i

The eddy viscosity assumption (vi) implies that σ = -κm(ξ)sv. Since the nondimensional eddy vis-
cosity is real, this is equivalent to requiring that the complex numbers σ and sv. have opposite phase
at all nondimensional heights sv.

The last condition we must enforce is (iii), that buoyant consumption of TKE is 0.2 of shear
production:

0.2  =  Rf  =  -B(z)/S(z)  =  -B0(1 - z/h)/(u´w´∂u/∂z + v´w´∂v/∂z)

       =  -B0(1 - ξ) / (u*
3/L)Re(σ*sv)   (* denotes complex conjugate)

Substituting (7) in for sv, noting that by definition of Obuhkov length, -B0 = u*
3/kL, and that the

eddy viscosity assumption implies that σ*sv is guaranteed to be real, we obtain the nonlinear ODE
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σ*∂2σ/∂ξ2 = iλ(1 - ξ), where λ  = γc
2/kRf is unknown (8)

This equation can be solved systematically by substituting σ = reiθ and obtaining a pair of ODEs
for r(ξ) and θ(ξ). However, an easier approach is to look for a trial solution in the form

σ(ξ) = −eiα(1 - ξ)a

This solution automatically obeys the boundary conditions and has the right form to match the RHS
of (10).  Substituting into (10), we find that this trial solution works if

a* + a - 2  = 1

a(a - 1) = iλ

Setting a = ar + iai, the first of these equations implies that ar = 3/2. From the second, we deduce
that

0  =  Re[a(a - 1)]  =  Re[(3/2 + iai)(1/2 + iai)]  =  3/4 - ai
2 ⇒ ai = 31/2/2

⇒ σ (ξ) = −eiα(1 - ξ)(3 + √3)/2,

λ  =  Im[a(a - 1)]  =  Im[(3/2 + iai)(1/2 + iai)]  =  2ai  =  31/2  = γc
2/kRf

⇒ γ c =  [31/2kRf]1/2 =  0.37   so h = 0.37(u*L/f)1/2,

⇒ sv  = iγc
-2 ∂2σ/∂ξ2  =  -ia(a-1)γc

-2eiα(1 - ξ)(-1 + i√3)/2

                                            = λγc
-2eiα(1 - ξ)(-1 + i√3)/2 is non-dim shear.

⇒ κ m(ξ)  =  -σ/sv = (1 - ξ)2γc
2/λ =  0.08(1 - ξ)2 is non-dim eddy viscosity

Hence, remarkably we have been able to deduce the BL depth. There is one shortcoming, which is
that L must still be deduced.  The deduced eddy viscosity decreases with height to zero at the BL
top, as we’d expect since turbulence is concentrated at the surface.  The shear profile can be inte-
grated from ξ = 1 (z = h) and the resulting velocity profile redimensionalized to obtain:

  =  -[u*h/L][2λγc
-2/(1 + i√3)] eiα(1 - ξ)(1 + i√3)/2

At the BL top, the velocity is Ug. At the surface, the velocity is zero. Hence, setting ξ = 0 on the
RHS, and noting that (1 + i√3)/2 = exp(iπ/3) and that  we have:

  =  -Ug  =  -[u*h/L][λγc
-2]exp(iα - iπ/3) (9)

For consistency the RHS must be real, and have the same magnitude as the LHS. Thus

α = π/3    (surface isobaric wind turning angle of 60 degrees) (10)

Ug = [u*h/L][λγc
-2] = [u*h/L][1/k Rf] (11)

Summary of Results and Comparison to Observations

PBL depth h = γc(u*L/f)1/2 , where γc = (31/2kRf)1/2 =  0.37

u iv+
h
z

u iv+
h
0
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Wind profile (u + iv)/Ug  = 1 - (1 - z/h)(1 + i√3)/2

Note that h can be expressed in terms of the given parameters as:

h = 0.37(u*L/f)1/2 = 0.37(-u*
4/kB0f)1/2 = 0.37(-u*

4/0.12kf2Ug
2)1/2  = 1.7u*

2/fUg

A larger friction velocity, smaller geostrophic wind, or lower latitude will increase h.  Also note
that the wind profile is independent of the surface roughness (except in the surface layer z << L,
where the assumed eddy scale of L is no longer applicable and (12) is invalid). The surface isobaric
turning angle is 60 degrees, and the wind turns to geostrophic at the PBL top. We can solve (11)
for the

Obhukov length L = h (u*/Ug)(1/k Rf) = 12.5h(u*/Ug)

Substituting for h, this can also be written as

L = γc(u*L/f)1/2 (u*/Ug)(1/k Rf)

or

L = (u*
3/fUg

2)(γc/k Rf)2

This can be used to deduce the surface buoyancy flux, which by definition of L is:

Surface buoyancy flux B0 =  -u*
3/kL  =  -0.12fUg

2   (The constant is Rf/31/2)

Remarkably, the downward surface buoyancy flux is depends only on the geostrophic wind, and is
independent of surface roughness.

The NBL structure obtained from this approach is fairly realistic. For reasonable values of u*
(0.3 m s-1), Ug (10 m s-1), and  f = 10-4 s-1, we find that h = 0.37(u*L/f)1/2 = 150 m, close to ob-
served NBL depths of O(100 m). The Obhukov length L = 56 m, and L/h ≈ 0.38 << 1, consistent
with our original assumption that the vertical eddy mixing scale is much less than the PBL depth.
The the downward surface buoyancy flux B0 = 1.2×10-3 m2s-3 (i. e. a virtual heat flux (ρcpθR/g)B0
≈ -40 W m-2.) For Ug = 5 ms -1, the downward buoyancy flux would be only 25% as large as this.
These are not a large heat flux; atmospheric turbulence cannot keep the ground from cooling rap-
idly at night under clear skies unless the geostrophic wind is large. Instead, ground heat flux is the
major counterbalance to nocturnal radiative cooling. The surface energy budgets (e. g. over a dry
lake bed) nicely showed the fairly small role of surface heat fluxes in the nocturnal boundary layer.

The NBL stratification can also be deduced.

db/dz  = N2  =  Ri|du/dz|2  =  Ri[u*/L]2|sv|
2  =   (Ri/k2Rf2)(u*/L)2(1 - z/h)−1

Since Ri = Rf = 0.2, the constant is 1/k2Rf = 31. Integrating with respect to z, we obtain

b(z) - b(0) = -31h(u*/L)2 ln(1 - ξ)

This has a singularity at the BL top, which is a bit disturbing, but relates to the assumption that
there must be uniform cooling all the way to the BL top, even though there is very little turbulence
near the BL top.  The small turbulent diffusivity then requires a large gradient there.  For our ex-
ample values, N2 = 9×10-4 s-2 (2.6 K per 100 m) at the surface, rising with height. To get a more
stable BL than this, we must have diabatic (e. g. radiative) cooling within the BL.

A comparison of this theory to observations is shown in the figure on the next page. It should
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be noted that this case has a high geostrophic wind speed, so that the surface buoyancy flux is large
and the relative importance of radiative cooling in the NBL dynamics is smaller than usual.  The
comparison is quite good under these conditions.   The predicted linear increase of wind with
height in the BL and the concentration of the wind turning at the BL top are both observed.  The
observed wind turning of 30 is less than predicted, however. As predicted the strongest stratifica-
tion is near the BL top.   Normally, however, the NBL is most strongly stratified near the ground
where clear-air radiative cooling is strongest, as seen in other soundings in these notes.

The one step in applying this approach that we have not discussed is how to relate u* to Ug and
the surface roughness z0.  The velocity profile deduced above linearly approaches zero at the sur-
face, rather than  the log-linear behavior of M-O theory.  Empirical formulas, given on pp. 63-64

Comparison of steady NBL theory (top) with tower observations (bottom)
in a case of strong geostrophic wind.

Garratt
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of Garratt, can be used to relate u* to Ug. They are given in terms of two functions A2(µ) and B2(µ)
of µ = h/L, and are typically expressed in coordinates parallel to the surface wind. Translating these
formulas into our notation, we find

Cg = (u*/ Ug)2  = k2/[(ln(h/z0) - A2)2 + B2
2] (12)

where for moderately stable conditions (0 < µ < 35), Garratt’s eqn (3.89) implies that

A2 = 1 - 0.38µ,  B2 = 4.5 + 0.3µ.

For our example, Cg = (u*/ Ug)2 = 0.0009, and µ = 2.7, so A2 = -0.0, B2 = 5.3. The surface roughness
that could give this NBL is found by solving  (13):

(ln(h/z0) - A2)2 + B2
2  = k2/Cg

⇒   ln(h/z0) = -A2 + [k2/Cg - B2
2]1/2 = 12.2   , z0 ≈ 0.001 m

(typical of flow over a smooth land surface such as sand). A change in z0 of several orders of mag-
nitude is necessary to move u* up or down by 50% for a given geostrophic wind speed.

KatabaticFlows

Sloping terrain has a large influence on stable boundary layers.  The cold dense air near the
surface is now accelerated by the downslope component b sin α of its buoyant acceleration (α is
the slope angle and b < 0 is the buoyancy of air within the BL relative to above-BL air at the same
height). Viewed in terrain-parallel coordinates, b sin α is like an effective pressure gradient force,
which is strongly height-dependent  since b depends on z.  In this sense, the slope acts similar to
a thermal wind (which would also be associated with a height dependent PGF) . Slopes of as little
as 2 in 1000 can have an impact on the BL scaling.

As the slope increases, or BL stability increases, the velocity profile is increasingly determined
by drag created by turbulent mixing with air above rather than surface drag. As for the NBL, the
BL is typically 10s to 100s of m thick. Over glaciers, katabatic winds often occur during the day
as well as during the night, since the net radiation balance of a high-albedo surface is negative even
during much of the day, and evaporative cooling due to surface snowmelt can also stabilize the air
near the surface. On the coast of Antarctica, persistent katabatic flows down from the interior ice-
caps can produce surface winds in excess of 50 m s-1.

Garratt
-  13.8 -



Atm S 547    Boundary Layer Meteorology                                                                   Bretherton
Lecture 14.  Marine and cloud-topped boundary layers

Marine Boundary Layers (Garratt 6.3)

Marine boundary layers typically differ from BLs over land surfaces in the following ways:
(a) Near surface air is moist, with a typical RH of 75-100%

(b) The diurnal cycle tends to be weak (though not negligible), since surface energy fluxes get
distributed over a considerable depth (10-100+) of water, which has a heat capacity as much
as hundreds of times as large as the atmospheric BL.

(c) Air-sea temperature differences tend to be small, except near coasts. The air tends to be 0-2
K cooler than the water. This is because the BL air is usually radiatively cooling, and some
of this heat is supplied by sensible heat fluxes off the ocean surface. However, if the air tem-
perature is much lower than the SST, vigorous convection will reduce the temperature differ-
ence, and except where there are large horizontal gradients in SST, horizontal advection
cannot maintain the imbalance. Hence the surface layer is nearly neutral over almost all of
the oceans.

(d) Due to the small air-sea temperature difference, the Bowen ratio tends to be small (typically
0.1 in the tropical oceans, and more variable in midlatitudes); latent heat fluxes are 50-200
W m-2,, while (except in cold air outbreaks off cold landmasses) sensible heat fluxes are 0-30
W m-2.

(e) Over 95% of marine boundary layers contain cloud.  The only exceptions are near coasts,
where warm, dry continental air is advected over a colder ocean, and in some regions (such
as the eastern equatorial Pacific cold tongue and some western parts of the major subtropical
oceans) in which air is advecting from warmer to colder SST, tending to produce a more sta-
ble shear-driven BL which does not deepen to the LCL of surface air. Cloud profoundly af-
fects the BL dynamics, as we discuss below.

Many large field experiments have studied marine BLs. Particular focus areas, and particularly
seminal field experiments,  have included:

(i) Tropical BLs associated with deep convection (GATE 1973, tropical E Atlantic; TO-
GA-COARE 1992, tropical W Pacific)

(ii) Trade cumulus boundary layers (BOMEX 1969, Caribbean; ATEX 1973, tropical E Atlantic)

(iii) Subtropical stratocumulus-capped BLs (FIRE-MSC 1987, California; ASTEX 1992, NE At-
lantic; DYCOMS-II 2001, NE Pacific; EPIC-2001, SE Pacific)

(iv) Midlatitude summertime BLs (JASIN 1978, NE Atlantic)

(v)  Midlatitude wintertime BLs (AMTEX 1974, S China Sea; MASEX 1983, Atlantic Coast)

(vi) Arctic stratus (Arctic Stratus Experiment 1980, BASE 1994, SHEBA/FIRE.ACE 1997-8)

While there are interesting issues associated with the formation of stable cloudless marine
boundary layers due to advection of air off a continent (see Garratt 6.4), the study of marine bound-
ary layers largely comprises an important subset of the study of cloud-topped boundary layers, to
which we turn now.
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Cloud-topped boundary layers (Garratt, Ch. 7)

Regimes and geographical distribution

Over much of the globe, and in particular over most of the oceans, low-lying cloud plays a key
role in BL dynamics. Cloud affects boundary layer dynamics through latent heating, evaporation
of precipitation into layers beneath the cloud, and through large changes in the radiative balance
of both the BL itself and the underlying surface

The most commonly seen cloudy BL types include:
(i) Shallow cumulus (Cu) boundary layers, ubiquitous over oceanic trade-wind regimes, but often

seen over land and midlatitude oceans as the later phase of cold air outbreaks. These are driv-
en primarily by clear-air radiative cooling

(ii) Stratocumulus (Sc)-capped BLs, typically found in anticyclonic flow over the subtropical and
midlatitude oceans, and often seen during the cool season over moister landmasses.  These
BLs may include Cu below or rising into the Sc, and are driven in large part by radiative cool-
ing at the tops of the clouds, and secondarily by surface cold advection.

(iii) The progression in a wintertime cold air outbreak from shallow cloud streets to broader
patches and lines of Sc and finally polygonal arrays of Cu. The BL is driven by strong surface
heat fluxes of up to several hundred W m-2.

(iv) Shear-driven shallow stratus layers, often seen in midlatitudes in warm advection. Here the
dynamical and radiative effects of the cloud are probably secondary, since there are often
overlying clouds that reduce the radiative impact of the low cloud, and the BL is not deep
enough for the latent heating in the clouds to be important. There may be low cloud and rain
that does not have a clear associating with BL processes associated with synoptic-scale lift-
ing.

Processes affecting convective cloud-topped BLs

Siems 1991
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(v) Summertime arctic stratus under a weak anticyclone, in which there may be multiple cloud
layers driven by surface chilling of and cloud top radiative cooling of moist, warm air advect-
ed over cold pack ice.

The global distribution of low cloud (at heights of 2 km or less above the surface) is best document-
ed in routine synoptic observations of cloud type and cover by untrained surface observers using a
simple classification scheme from WMO. These have been archived over the past 50 years, and
were compiled by Warren et al. (1988). Below are shown the annually averaged cloud cover (fre-
quency of occurrence multiplied by fractional sky cover when cloud type is present) for low lying
‘stratus’ (stratus+stratocumulus+fog), which encompasses the most radiatively important cloud
types, and for cumulus cloud. These cloud layers are typically 100-500 m thick, with a cloud base
anywhere from the surface to 1500 m, and tend to be nonprecipitating. Over much of the midlati-
tude oceans and parts of the eastern subtropical oceans, stratus cloud cover exceeds 50%.

Annual Stratus Cloud Amount
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Klein and Hartmann (1993), from surface observations

Klein
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Klein and Hartmann (1993) showed that the cloud cover in these regions is highest when the
sea-surface is coldest compared to the air above the boundary layer, which tends to occur in the
summertime.  In some parts of the Aleutian Islands, the average stratus cloud cover in June, July
and August is 90%...a dreary sky indeed.  Over land, there is much less stratus cloud due to the
lesser availability of surface water.  In most of the tropical and subtropical oceans, stratus clouds
are rare. There is a very strong correlation between TOA cloud radiative forcing and stratus cloud
amount due to the high albedo of these clouds, coupled with the smallness of their greenhouse ef-
fect since being low clouds, they are at a similar temperature to the underlying surface.  There is
an obvious correlation between cumulus cloud and a relatively warm surface. Note that cumulus
cloud amount is everywhere low, even though over much of the trade wind belts, the frequency of
occurrence is 70-90%.  More than 100-200 km offshore, a complete lack of BL cloud is rare, oc-
curing 1-2% of the time in most ocean locations.

BL structure of subtropical convective CTBLs

The figure above shows composite soundings from four field experiments that studied marine
subtropical and tropical CTBLs (Albrecht et al. 1995). The experiments were conducted over lo-
cations with very different sea-surface temperature (SST).The typical observed boundary layer
cloud structure and circulations are sketched.  The experiments are FIRE SNI (July 1987, 33 N,
120 W, SST = 289 K, Cloud Fraction = 0.83), ASTEX (June 1992, SM:
37 N, 25 W, SST = 291 K, CF = 0.67; VALD: 28 N, 24 W, SST = 294 K, CF = 0.40), ), and TIWE
(December 1991, 0 N, 140 W, SST = 300 K, CF = 0.26).

The deeper BLs tend to have less cloud cover, a weaker inversion, and a less well-mixed struc-
ture in the total water mixing ratio qt = qv + ql (which is conserved following fluid motions in the
absence of mixing). The stratification of θv is roughly dry-adiabatic below cloud base. In the cloud
layer, it  is moist-adiabatic within the shallow FIRE stratocumulus cloud layer and conditionally
unstable in the other cases. In general, one can identify three types of BL structure:
(i) well-mixed (e. g.  FIRE-SNI). A specific example is shown on the next page
(ii) diurnally decoupled (some daytime shallow Sc layers), in which there are well-mixed surface
and cloud layers separated by a stable layer across which there is no turbulent transport. An exam-
ple is shown on next page.
(iii) conditionally unstable, in which a well-mixed subcloud layer is topped by cumulus clouds, and

Composite θv and qt from four CTBL experiments (Albrecht et al. 1995)
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there may or may not be a thin stratocumulus layer below the capping inversion formed by detrain-
ment from the cumuli. There is a very weak (< 1 K) inversion at the base of the cumuli called the
transition layer that separates the region of subcloud convection below cloud base from the drier
cumulus layer above. Essentially, the transition layer acts as a valve to allow only the strongest sub-
cloud updrafts to form cumulus clouds.  The capping inversion tends to be sharp if there is more
Sc cloud (see figure on next page) and extends over 100-500 m if only Cu is present.

In the deep convective regions of the tropics, conditionally unstable cumulus boundary layers
are also often seen extending up to around 800 mb when deep convection is suppressed. A capping
inversion is not evident around deep convection; here the BL is complicated by internal BLs as
shallow as 100 m due to cold dry outflow from deep convective systems. Even over a uniform
sea-surface, mesoscale temperature variationsof 3-5 K are common in this situation. Surface flux-
es restore the outflow air to a typical non-outflow thermodynamic state in 6-24 hrs.

Over midlatitudes, when stratocumulus or cumulus cloud is observed the soundings again fall
into the above categories (Norris 1998). However, the RH of surface air may be lower and hence
the depth of the subcloud layer may be as much as 1500 m, especially over land.

Well-mixed Sc layer

Garratt

Decoupled Sc layer

Garratt
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Stable CTBLs

Some cloud types (such as stratus and fog) are associated with stable BLs.  Norris (1998) has
used soundings from ocean weather ships taken during the 1970s to form composites for different
cloud types. In these cases, the sounding is absolutely stable and the presence of cloud just reduces
the effective stability.  We will not discuss these BLs more, as the impact of cloud on convective
BLs is more profound, especially when surface sensible heat fluxes are weak as they usually are
over the ocean

Conditionally unstable sounding with shallow Cu rising into an Sc layer

Transition layer

Subcloud layer

Sc layer

Cu layer

T
Td

ASTEX, June 1 1992 (33 N, 16 W)

Composite profiles for stratus (St) and fractostratus (Fs)-capped (stable)

Norris 1998

 CTBLs.at Ocean Weathership C in the N Atlantic  Ocean.
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Lecture 15.  Subtropical stratocumulus-capped boundary layers 
In this lecture… 

• Physical processes and their impact on Sc boundary layer structure  

• Mixed-layer modeling of Sc-capped boundary layers – methods and results 

 
Physical processes and their impact on Sc boundary layer structure 

Clear turbulent boundary layers over land are usually driven mainly by surface heat fluxes or 
drag.  Stratocumulus-capped boundary layers (SCBLs) are more complicated (Fig. 1).  The 
cloud usually forms because turbulence lifts moist air from near the surface up to its 
condensation level.  The cloud plays an active role in maintaining the turbulence and building 
a sharp, strong capping inversion.  Radiative cooling at cloud top and heating within the 
cloud, as well as latent heating due to condensation or evaporation of cloud and drizzle all 
have strong feedbacks on the boundary-layer structure and turbulence.   The strong capping 
inversion inhibits turbulent mixing or entrainment of the warmer and drier overlying air into 
the SCBL.  This keeps the boundary layer cool and moist, helping the cloud persist. A strong 
capping inversion goes with more lower tropospheric stability, and also keeps the boundary 
layer moist and cloud-capped. This is a major reason for the observed correlation between 
lower tropospheric stability and stratus cloudiness. 

Moist-conserved variables 
In the study of MBLs, it is often useful to work with moist-conserved variables preserved 
during adiabatic changes including phase changes between vapor and liquid, e. g. the total 
water mixing ratio qt = qv + ql (sum of vapor and liquid water).  Moist-conserved 
temperature-like variables include the equivalent potential temperature θe ≈ θ exp(Lqv/cpTLCL) 
(see Bolton 1980 for a more accurate definition) and the liquid water potential temperature θl 
= θ exp(-Lql/cpTLCL) .   If the parcel vertical displacement is nearly hydrostatic (a good 
approximation for the MBL), one can instead use simpler moist-conserved variables, the 
moist static energy h = cpT + gz + Lqv, or the liquid-water static energy sl = cpT + gz – Lql.  
All four of these choices are commonly used in studies of SCBLs.  
 As an air parcel rises moist-adiabatically above its lifted condensation level (LCL), it 
becomes cloudy and condenses liquid water at a rate (dql/dz )ma = -(dq*/dz )ma  ≈ 2 g kg-1 km-1 
for thermodynamic conditions typical for Sc (cloud base temperature of 285 K, cloud base 
pressure of 950 hPa).  Here, ‘ma’ stands for ‘moist adiabatic’. 

Mixed-layer structure 
SCBLs commonly exhibit mixed-layer structure in which moist-conserved thermodynamic 
variables and the horizontal velocity components are approximately uniform with height. 
This is a sign of strong vertical mixing by turbulent eddies extending from the surface all the 
way to the cloud-top. In SCBLs, the eddy updrafts and downdrafts are typically on the order 
of 1 m s-1.  
 Fig. 2 shows an example from the DYCOMS-II field experiment off the California coast 
in July 2001 (satellite picture and map showing flight track and sea-surface temperature are at 
upper right).  Several aircraft profiles through the same cloud layer a few tens of km apart are 
shown.  One sees well-mixed structure in qt and sl, and the linear rise of ql with height above 
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cloud base.  These measurements were all taken during the night and early morning.  This 
time of day favors well-mixed SCBLs, as we’ll explain soon.  We also see the strong (10 K), 
sharp inversion separating the cool marine airmass from the much warmer and very dry air 

above, which has slowly subsided from much higher in the troposphere in the descending 
branch of the Hadley circulation.  

Decoupled structure and the diurnal cycle 
   Fig. 3 shows ‘decoupled’ vertical structure in θe, qt, and the wind components.  This is also 
commonly seen in SCBLs, especially during mid-day – these aircraft profiles were made near 
noon in North Atlantic summer stratocumulus.  The SCBL is separated into two mixed 
layers, one starting at the surface, and one extending down from the cloud layer, with a 
stratified layer in between. In this middle layer, there is little turbulence (visible in the slide 
as less fine-scale vertical variability).  ‘Scud’ clouds can sometimes.form at the top of the 
surface mixed layer.  Given long enough, these clouds can develop into cumulus convection, 
leading to a ‘cumulus-coupled’ SCBL in which cumulus convection fluxes moisture from the 
lower to the upper mixed layer.   
 Fig. 4 shows a 6-day time series of radiosonde profiles from the October 2001 EPIC 
research cruise into the SE Pacific stratocumulus region.  These nicely show a pronounced 
diurnal cycle.  The difference between cloud base and near-surface LCL (measured by the 
ship at a height of 15 m above sea level) is a good measure of decoupling.  It would be zero 
in an ideal mixed layer, in which the near-surface air had exactly the same properties as cloud 
base air. This is never seen, because in the surface layer (lowest 5-10% of the BL) there is a 
‘log-layer’ in which air properties transition from those in the bulk of the boundary layer and 
the saturated air in a mm thick skin next to the sea-surface.) However, smaller values (less 
than 10-15% of the cloud base height) indicate a mixed layer, and larger values (more than 
250 m) indicate a more decoupled boundary layer in which the surface air is distinctly 
moister than that in the cloud layer. This measure shows mixed-layer structure at night and 
slightly decoupled structure during the day (noon local time = 18 UTC) as well as during 
periods of drizzle.  

Radiation 
 The SCBL interacts strongly with longwave and shortwave radiation.  Clouds as little as 
50 m thick efficiently absorb and emit longwave radiation.  Although the clouds mainly 
scatter sunlight, they also absorb a little of it.  The upper left figure in Fig. 5 shows a 
comparison of measurements and radiative transfer model calculations for a thick 
summertime North Sea stratocumulus cloud around noon. The symbols S and L refer to 
shortwave and longwave radiation, and arrows indicate upward and downward fluxes. About 
2/3 of the incident sunlight is reflected, but about 60 W m-2 (6%) is absorbed in the cloud. 
Upwelling longwave radiation emitted from the warm cloud top is almost 100 W m-2 larger 
than downwelling longwave radiation emitted by the dry and mostly colder overlying 
atmosphere. Within the cloud, the photon path is short and the net longwave flux is small, 
while below cloud base, there is a net upward longwave flux of about 10 W m-2 because the 
SST slightly exceeds the cloud base temperature.   
 Combining longwave and shortwave fluxes, we get the net upward radiative flux during 
the middle of the day.  From just the longwave flux, we get the net upward radiative flux at 
night. (middle figures). The dashed line in the night-time panel shows the daily-averaged net 
upward radiative flux.  Vertical convergence or divergence of the net radiative flux implies 
radiative heating or cooling, respectively.  During the night, the flux profile implies slight 
radiative warming near cloud base and strong cooling in the 50 m below cloud top, with a net 
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60 W m-2 longwave cooling integrated over the SCBL in the case shown. During the daytime, 
the additional absorption of sunlight warms most of the cloud layer, but the strong longwave 
cooling still dominates at the cloud top.  The 60 W m-2 of solar absorption roughly cancel the 

SCBL longwave cooling, so the effect of radiation at noon is only to destabilize the cloud 
layer, not the entire boundary layer.   This is what causes daytime decoupling of SCBLs – 
surface heat fluxes cause convection near the sea-surface, and radiation causes convection in 
the cloud.  Averaged over the whole diurnal cycle, the net longwave cooling of the SCBL is 
roughly 3-4 times as large as net solar heating, and radiation is strongly destabilizing the 
SCBL by cooling its top.  This is the main driver of turbulent convection in subtropical 
SCBLs.   The diurnal cycle of SCBL radiative energy loss is shown at lower right, where it is 
also compared to a typical value of surface sensible heat flux over the subtropical oceans.  
This plot suggests that in subtropical SCBLs, radiation is more important to the energy 
budget and generation of turbulence than is the surface heat flux. The strong radiative cooling 
also helps maintain the sharp 5-10 K inversions that usually top such boundary layers.  
 Theoretical studies of cloud-topped mixed layers sometimes treat the radiative flux 
divergence as concentrated entirely at the cloud top, and often specify it as an external 
parameter ∆RN ≈ 50 W m-2 (rightmost profile).  In reality, of course, ∆RN is strongly 
dependent on above-SCBL humidity, cloud and temperature, as well as cloud-top 
temperature and insolation. In particular, ∆RN is largest under a clear, dry atmospheric 
column.  

Precipitation 
Because stratocumulus are thin and rely on the surface for their supply of liquid water, they 
can be sensitive to even a little precipitation.  Precipitation in stratocumulus can be somewhat 
artificially divided into droplet sedimentation and drizzle. Sedimentation is the slow settling 
of ‘cloud’ droplets less than 20 µm in radius.  It occurs only within the cloud, but can result 
in downward water fluxes of several mm/day, which proves important for the water budget of 
the upper part of the cloud layer. Drizzle is the settling of larger drops created by collision-
coalescence processes, and tends to be dominated by drops 100 µm and larger.  Drizzle tends 
to maximize near cloud base, and rapidly evaporates below the cloud.  Light drizzle is 
sometimes observed in shallow cloud-topped boundary layers, especially when aerosol 
concentrations are low or the cloud is thick (which is most common in the night and early 
morning). 
 Fig. 6 shows typical profiles of sedimentation and drizzle to the downward precipitation 
flux in a moderately drizzling Sc, corresponding to cloud base precipitation of 2 mm day-1 
and surface precipitation of 0.25 mm day-1. Sedimentation removes liquid water from the top 
of the cloud, forcing turbulence to lift it up again.  This decreases entrainment (see Bretherton 
et al. 2007 for a detailed explanation) and tends to reduce turbulence in the cloud layer.  
Drizzle causes net condensation and latent heating in the cloud layer and evaporation and 
cooling of the subcloud layer,  stabilizing the BL to convection. Often, drizzling shallow Sc 
layers are observed to have some stratification of potential temperature and mixing ratio, and 
cloud cover may be less homogeneous.  Both sedimentation and drizzle are much larger when 
aerosol (and hence cloud droplet) concentrations are low. Thus, these processes are important 
to understanding the effects on anthropogenic aerosols on SCBLs and climate. 
 The bottom of Fig. 6  shows a 6-day time-height section of mm-wavelength upward-
pointing radar returns from SE Pacific stratocumulus during the EPIC cruise. Reflectivities 
less than -10 dBZ correspond to nearly non-drizzling cloud; stronger reflectivities indicate 
drizzle.  When the drizzle is weak, it all evaporates near cloud base; when the drizzle is 
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strong it gets down to the surface. A strong diurnal cycle of drizzle is evident, connected to 
night-time cloud thickening. 
Entrainment 
 Entrainment is the incorporation of filaments or blobs of overlying non-turbulent air into 
the SCBL by turbulent eddies. Entrainment occurs in a thin entrainment zone near the cloud-
top.  Over boundary layer updrafts, the entrainment zone is thin (as little as 1 m thick), and it 
is thicker (up to 100 m) in downdraft regions, especially if the inversion is weak or there is a 
lot of wind shear at the inversion. The physical mechanisms are somewhat complicated and 
the cloud itself affects the entrainment process through evaporative cooling –we’ll discuss 
this more later when we talk about entrainment closures. What is clear is that entrainment is 
faster if the turbulence is stronger or the overlying inversion is weaker.  For now, we simply 
define the entrainment rate we, which is the rate at which overlying air is incorporated into the 
SCBL. For subtropical SCBLs, we is usually only a few mm s-1. 
 Consider a variable F with no sources or sinks in a thin entrainment zone, and a typical 
value F- below the entrainment zone and F+ above the entrainment zone (Fig. 7, top right).  
The flux - weF+ of F through the top of entrainment zone must balance the flux of F through 
the bottom of the entrainment zone (which has a mean component - weF- and a turbulent 
component).  We deduce that a turbulent entrainment flux  

    !w !F
e

= "w
e
#F , !F = F

+
" F

"    (15.0) 

is needed to mix the entrained air into the SCBL.  
 Using (15.0), we can deduce entrainment from aircraft measurements of the below-
inversion flux and cross-inversion jump of suitable variables. Total water, ozone, and DMS 
have been successfully used for this purpose. Alternatively, we can derive a heat, moisture or 
mass budget for the entire SCBL, deduce the entrainment flux by measuring all other terms in 
the budget, and then apply the flux-jump approach.  Fig. 7 shows an example of this 
approach, in which we see reasonable consistency between the diurnal cycle of entrainment 
deduced from heat, moisture and mass budgets during a 6-day period in SE Pacific 
stratocumulus (Caldwell and Bretherton 2005).  This approach works because entrainment is 
a dominant term in all three budgets. 
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Mixed-layer modeling of stratocumulus-capped boundary layers 
   Mixed-layer modeling of stratocumulus was introduced in a classic paper by Lilly (1968).  
and has since been used in many scientific papers about SCBLs.  It is not just useful for 
predictive modeling, but also for interpretation of observations and more complex models.  A 
mixed-layer model is only appropriate if the SCBL is indeed well-mixed, so a MLM should 
be able to predict when it has reached its limit of validity (see Bretherton and Wyant 1997 for 
a discussion of this). 
    There are several complications in mixed-layer modeling of stratocumulus that are not 
present in a dry convective boundary layer. These include internal heating and cooling of the 
boundary layer by condensation, evaporation and radiation.  There is also still controversy 
about the appropriate entrainment closure.   

Deducing the cloud properties in a stratocumulus-capped mixed layer 
   The thermodynamic state of a stratocumulus-capped mixed layer is most easily specified in 
terms of two moist-conserved variables, for instance the moist static energy hM and the total 
water mixing ratio qtM.  The mixed-layer assumption is that vigorous turbulence keeps these 
variables vertically uniform between the surface and the inversion height zi(t).  
   Quantities that are not moist-conserved, such as temperature or liquid water content, are not 
vertically uniform within the mixed layer; their vertical profiles must be deduced from hM 
and qtM and pressure p(z). As for the dry mixed layer, we will neglect variations of density ρ 
with height within the boundary layer. We also specify the surface pressure ps.  Then the 
hydrostatic approximation applied to the mean state implies that  
     p(z) = ps – ρgz.     (15.1) 
   Particularly important is the cloud base height zb, at which boundary layer air is exactly 
saturated.  It can be calculate from the equation: 
   qtM = q*(pb, Tb) = q*( ps – ρgzb,  [hM– gzb - LqtM]/cp) .  (15.2) 
Here q*(p, T) is the saturation water vapor mixing ratio, and subscript ‘b’ refers to the cloud 
base.  This nonlinear equation can be solved for zb in terms of known quantities. Although 
this looks complicated, it can be approximated by a simpler linear form.  We define the 
mixed layer air temperature at the surface z=0: 
     TMs = [hM - LqtM]/cp,     (15.3) 
and we define the mixed layer saturation mixing ratio at z=0: 
     q*Ms = q*(ps, TMs).     (15.4) 
We can then linearize the right hand side of (15.2) in zb around this saturated state:   
    q*(pb, Tb) = q*Ms + zb(dq*/dz)da.    (15.5) 
Here (dq*/dz)da is the rate at which saturation mixing ratio changes with height along a dry 
adiabat from the surface to the cloud base. This depends on the exact thermodynamic state, 
but for thermodynamic conditions typical of subtropical stratocumulus,  
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(dq*/dz)da ≈ - 4 g kg-1 km-1. Hence, (15.2) simplifies to  
    zb ≈ (q*Ms - qtM) / |dq*/dz|da     (15.6) 

If the surface air is more subsaturated, zb will be larger. A good approximation is that if the 
near-surface relative humidity is 80%, the cloud base (= lifted condensation level) will be 
about 500 m. If the near surface RH is 60%, the cloud base will be 1 km, etc.  Above the 
cloud base, similar linearization gives the liquid water profile 
   ql(z) = qtM - q*(pM(z), T M(z)) ≈ |dq*/dz|ma(z - zb),   (15.7) 
where (dq*/dz)ma is the rate at which saturation mixing ratio changes with height above cloud 
base along a moist adiabat.  Typically |dq*/dz|ma ≈ 2 g kg-1 km-1 is about half as large as 
|dq*/dz|da in a stratocumulus layer.  We see that the liquid water content is largest at the cloud 
top, and that the vertically-integrated cloud liquid water content, or liquid water path, is 
proportional to the square of the cloud layer depth.  An adiabatic subtropical stratocumulus 
cloud about 300 m thick has a cloud-top liquid water content of 0.6 g kg-1 and a liquid water 
path of about 100 g m-2.   
   Fig. 8 (left) shows how various profiles behave in a stratocumulus-capped mixed layer. 

MLM equations 
   Above the boundary layer, we assume known ‘free-tropospheric’ profiles qt

+(z), h+(z).  
These affect the entrainment flux into the mixed layer: 
    !w !qt (zi ) = "we#qt ,      !qt = q

+
(zi ) " qtM ,   (15.8a) 

    !w !h (z
i
) = "w

e
#h,      !h = h+

(z
i
) " h

tM
.   (15.8b) 

Since stratocumulus evolve slowly, we must also consider the mean vertical velocity w (z), 
which is often idealized as subsidence that increases linearly with height: 
     w (z) = -Dz,      (15.9) 
where D is the horizontal wind divergence, typically 3-6×10-6 s-1 in subtropical stratocumulus 
regimes. Thus, at a height of 1 km, the mean subsidence rate is around 3-6 mm s-1. This is 
slow but significant.  
   Another important boundary condition is the sea-surface temperature Ts, which determines 
the surface heat and moisture fluxes. From Ts, we calculate the mixing ratio within the sea-
surface skin layer, qs = q*(ps, Ts) and the sea-surface moist static energy hs = cpTs + Lqs.  For 
simplicity, we will only model the thermodynamic evolution of a SCBL, not its momentum 
balance, so we will just specify a mixed-layer wind speed V, and we will use bulk 
aerodynamic formulas with a nondimensional transfer coefficient CT(V) ≈ 10-3 to specify the 
surface fluxes: 
     !w !qt (0) = CTV (qs " qtM ) ,    (15.10a) 

     !w !h (0) = C
T
V (h

s
" h

tM
) .    (15.10b) 

   Within the boundary layer, there will be a net upward radiative flux profile FR(z) (including 
both longwave and shortwave contributions) and a downward water flux profile P(z) due to 
precipitation.  These fluxes must be diagnosed from the mixed layer properties, including the 
vertical structure of the cloud layer, following the ideas presented in Lecture 2.  Here we will 
just assume we have some algorithm for doing this.  We must also have an entrainment 
closure for specifying the entrainment rate we, which we’ll discuss later. 
   Now we are finally ready to write down the governing equations for the MLM, which 
express conservation of mass, water, and moist static energy in the mixed layer: 
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.     (15.13) 

Here, d/dt is the material derivative following the boundary layer air column, which moves 
with the mean horizontal wind. Furthermore, 
     W(z) = ρ !w !qt (z) " P(z)     (15.14) 
is the upward water flux, composed of a turbulent and precipitation flux, and 
     E(z) = ρ !w !h (z) + F

R
(z)     (15.15) 

is the upward energy flux, composed of a turbulent and a radiative flux.  
   If we know we from the entrainment closure, the MLM equations can be solved as in the 
dry case. Since the left hand sides of (15.12-13) are height-independent, the same must be 
true of their right hand sides.  Hence, the energy and water fluxes must vary linearly with 
height between the surface and the inversion. Defining a nondimensional height ζ = z/zi: 
      W(z) = (1- ζ)W(0) + ζW(zi),     (15.16a)
  
      E(z) = (1- ζ)E(0) + ζE(zi),     (15.16b) 
and  

      !
"W

"z
=
W (0) !W (z

i
)

z
i

 ,     (15.17a) 

      !
"E

"z
=
E(0) ! E(z

i
)

z
i

,      (15.17b) 

where  
    W(0) = ρCTV(qs - qtM) - P(0),    W(zi) = - ρweΔqt ,   (15.18a) 
    E(0) = ρCTV(hs - htM) + FR(0),    E(zi) = - ρweΔh + FR(zi).  (15.18b) 
This completes the specification of the right-hand sides of (15.12-13), allowing the MLM 
equations to be marched forward in time. 
The turbulent flux profiles of qt and h can be recovered from the energy and water flux 
profiles using (15.14) and (15.15), as illustrated on the right side of Fig. 8.  A popular 
idealization is to assume a nonprecipitating cloud (P(z) = 0) with all the radiative cooling 
concentrated just under the cloud top as a specified flux divergence ΔFR, so that  
    FR(z) = FR(0) for 0 < z < zi,   and FR(zi) = FR(0) + ΔFR.  (15.19) 

Buoyancy and buoyancy flux in a stratocumulus-capped boundary layer 
 The buoyancy b´ = -gρ´/ρ0 ≈ gTv´/T0 where T 0 is a reference temperature.  The virtual (or 
density) temperature Tv is defined here to include the effect of liquid water loading, 
   Tv = T(1 +  δqv - ql) ,  δ  =  0.61, 
       ≈ T + T0(δqv - ql), 
from which we deduce that  
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Physical processes affecting stratocumulus

Siems et al. 1993
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Profiles in a stratocumulus-capped mixed layer

‘Well-mixed’: Moist-
conserved variables 
   sl = cpT + gz - Lql,

   qt = qv + ql 

   h = cpT + gz + Lqt

are nearly uniform with 
height within the MBL.  

⇒ ql increases 
linearly with z
above cloud base

Stevens et al. 2003 QJ
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Decoupled SCBL - midday, North Atlantic.
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SCBL diurnal cycle in SE Pacific sonde time series

3-hourly sondes show:

1. Mixed-layer structure 
with strong sharp 
inversion

2. Regular night-time 
increase in inversion 
height, cloud 
thickness.

3. Decoupling measured 
by cloud base - LCL 
increases during 
daytime and during 
periods of drizzle on 
19, 21 Oct. (local noon 
= 18 UTC)

(Bretherton et al. 2004)
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Sc physical processes: Radiation

Strong longwave cooling at cloud top destabilizes 
SCBL, creating turbulence

Shortwave heating in cloud cancels much of the 
longwave cooling during the day, weakening 
turbulence and favoring decoupling.

Subtropical CBL radiative energy loss is usually large 
compared to surface heat flux.

Net upward radiative flux

Diurnal cycle of net SCBL rad cooling
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Sc physical processes: Precipitation

Drizzle: Drops > 100 µm radius, 
falling ~ 1 m s-1.

Sedimentation (in cloud only): 
Cloud droplets less than 20 µm 
radius, falling a few cm s-1.

hourly cloud top

hourly LCL

hourly cloud base

Comstock et al. 2004

EPIC 8-mm vertically pointing ‘cloud radar’ observations of drizzling Sc

z

precip flux 

1 mm/day



Lecture 15, Slide 

Sc physical processes: Turbulent entrainment

• Driven by turbulence
• Inhibited by a strong inversion 
• Must be measured indirectly 

(flux-jump or budget residual 
methods). 

• The 6-day diurnal cycle of 
entrainment rate from EPIC 
(right) was independently 
deduced from radiosondes and 
other ship-based observations 
based on SCBL mass (black), 
moisture (blue) and heat 
budgets (red). Typical 
magnitudes are small (5 mm/s) 
and measurement uncertainties  
are large.

Caldwell and Bretherton 2005

Entrainment zone

weF+

F-

flux -weF+ 

= flux -weF- + ′w ′F
e
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Profiles in a stratocumulus-capped mixed layer

z

zb

zi

qtM

qt+

hM

h+

qv

ql

w T

qs hs

TMs

Ts

W(z)

W(zi) 

W(0)

we

P

ρ ′w ′qt

ρ ′w ′h

FR

E(z) B(z)

State variables Fluxes
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Parcel circuits in a Sc-capped mixed layer

• Note implied discontinuous increase in liquid water and buoyancy fluxes 
at cloud base ⇒ turbulence driven from cloud, unlike dry CBL.

• Convective velocity w* ~ 1 m s-1: 

w*
3 = 2.5 ′w ′b

0

zi

∫ dz
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Sc MLM entrainment closure

Evaporative enhancement: Less 
buoyant mixtures easier to entrain.

NT enhancement factor E = Δm/ΔTv

a2 = 15-60 ⇒ A = 0.5 - 5 in typical Sc

Tv ´

ρ´

10

Entrained fraction χ

2Δm

ΔTv

NT: Nicholls and Turton (1986)
DL: Lilly (2002)
LL: Lewellen&Lewellen (2003)

Observational test with 
SE Pacific Sc diurnal cycle
(Caldwell et al. 2005)

Nicholls-Turton (1986) entrainment closure
Fit to aircraft and lab obs and dry CBL

we = A
w*
3

ziΔb
, A = 0.2(1+ a2E), Δb = gΔTv T0

χ * ≈ 0.1 
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MLM examples
Steady-state solutions:  Higher SST, lower divergence promote 

deeper mixed layer with thicker cloud.

Schubert et al. 1979a, JAS

Cloud top

Cloud base

SST = 16 C, D = 4x10-6 s-1

SST = 17 C, D = 3x10-6 s-1
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MLM response to a +2K 
SST jump

Two timescales:

Fast internal adjustment 
 tb = zi /CTV ~ 0.5 day

Slow inversion adjustment 

 ti = D-1 ~ 3 days

Schubert et al. 1979b JAS
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MLM diurnal cycle

MLM prediction: cloud 
thickens during the day 
because of decreased 
entrainment, opposite to 
observations.  MLM breaks 
down during day and in 
deeper or drizzly BLs due to 
BL decoupling (next lecture)

Schubert 1976 JAS
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Lecture 16  Cloud-topped mixed  layers II

 An idealized marine CTML

We now step back and try to understand what controls the depth, cloud thickness and evolution
timescales of a stratocumulus-capped boundary layer. Following Lilly (1968) and Schubert et al.
(1979, J. Atmos. Sci., 36, 1286-1307) we consider a simplified model of a cloud-topped mixed lay-
er (CTML), making the following assumptions:

(i) Surface transfer given by bulk aerodynamic formulas with an exchange velocity CTV,
where V is a BL wind speed and CT ≈ 1.5 × 10-3 is a neutral drag coefficient. For a typical
wind speed of 7 m s-1, CTV ≈  1 cm s-1.

(ii) Radiation idealized as a fixed cloud-top jump ∆RN.

(iii) No drizzle

(iv) w = -Dz, where D is a specified horizontal divergence (typically 0-6 × 10-6 s-1)

(v) Geometric flux-partitioning entrainment closure with w´b´|min = - cw´b´|av. Schubert et al.
take c = 0.2.

(vi) We are following a PBL air column, so there is no horizontal advection term.

The mixed layer equations are then

dh/dt = we - Dh (1)

dqtM/dt = { we(qt
+(h) - qtM) + CTV(qt0 - qtM)} /h (2)

dθeM/dt = { we(θe
+(h) - θeM) - ∆RN/ρcp + CTV(θe0 - θeM)} /h (3)

It is convenient to replace (3) by an equivalent equation for the liquid water virtual potential tem-
perature θvl = θe  - (µL/cP)qt. Noting that θvl = θv in the free troposphere and at the surface (and
everywhere else outside the cloud), can subtract µL/cP×(2) from (3) to obtain

dθvlM/dt = { we(θv
+(h) - θvlM) - ∆RN/ρcp + CTV(θv0 - θvlM)} /h (4)

Four possibly time-dependent external parameters force the mixed layer. These are the radiative
flux divergence ∆RN, the divergence D, the SST, and the surface transfer velocity CTV. In addition
we must specify the free tropospheric profiles qt

+(z) and θv
+(z).

Steady-state structure

If the external parameters and profiles are time-independent, we may seek a steady-state solu-
tion and investigate its dependence  on these parameters.  It is important to understand that in re-
ality the geographic distribution of the BL structure feeds back on the entire circulation of the
troposphere, so that what we treat as ‘external’ depends on our perspective!

For simplicity of analysis we will for the moment take c = 0 (rather than 0.2) in the entrainment
closure; this has little impact on the steady state solutions. Given our assumptions, the flux of θvl
must be linear with height, and because there is no flux divergence in a steady state, the steady-state
θvl flux must be height independent. The buoyancy flux is proportional to the θvl flux below cloud
base, and will be larger above cloud base. Thus the condition that the minimum buoyancy flux in
the mixed layer be zero implies that the θvl flux is zero everywhere below cloud base, including
down to the sea-surface. Thus, by the bulk aerodynamic formula, the steady state or ‘equilibrium’
solution must satisfy
-  16.1 -
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θvl,eq  = θv0  (to ensure negligible surface buoyancy flux)

From the steady-state versions of (1) and (2),

we = Dheq  (subsidence balances entrainment rate)

qt,eq = χqt
+ + (1 - χ)qt0  (surface moistening balances entrainment drying)

where χ = we/(we + CTV) can be interpreted as the mixing fraction of above inversion (vs. sea-sur-
face) air in the mixed layer   The steady-state PBL energy balance implied by (4) is

we(θv
+ - θv0 ) = ∆RN/ρcp

Setting we = Dheq, we must have

Dheq(θv
+(heq) - θv0 ) = ∆RN/ρcp (5)

This is a quadratic for heq with one positive root. We can work backward to get the rest of the mixed
layer parameters.

We will first consider a specific example using idealized free-tropospheric conditions condi-
tions off the California coast, ∆RN = 50 W m-2, D = 5 × 10-6 s-1,,  SST = 290 K, and CTV = 1 cm
s-1, a surface pressure p0 = 1020 mb, and

qt
+(z) = 4 g kg-1 and θv

+(z) = 303 + 0.004z  K  (z  in meters)

At the saturated sea-surface

qt0 = q*(p0, SST) = 12 g kg-1,

θv0 = (1000/1020).285SST(1  + .61qt0) = 290.5 K

Thus θvl,eq  = 290.5 K. Solving the quadratic (5) for the given parameters, we get

heq = 564 m, we = 0.3 cm s-1, θv
+ - θv0 = 14.8 K

The mixing fraction of above inversion air χ = we/(we + CTV) = 0.22, so

qtM  =  χqt
+ + (1 - χ)qt0  =  10.3 g kg-1.

Together with the requirement that θvlM = 290.5 K, this allows us to deduce the equilibrium mixed
layer temperature 290.3 K just above the sea-surface, and the saturation mixing ratio 12.3 g kg-1 at
that temperature . Using a formula for how fast saturation mixing ratio decreases with height in a
well-mixed (dry adiabatic) stratification (4.9 g kg-1 km-1 at the given temperature and pressure),
we can deduce the cloud base height  at which BL air is exactly saturated:

zb =  (12.3 g kg-1  - 10.3 g kg-1)/(4.9 g kg-1 km-1 ) = 414  m.

The cloud base is 150 m beneath the inversion, consistent with the assumption that the mixed layer
is cloud-topped. However, this in not guaranteed. If the wind is too weak or the divergence much
stronger than assumed above, the predicted equilibrium cloud base will be above the BL top, so the
BL cannot be cloud-topped. However, for weak to moderate subsidence and typical BL wind speed
and above-BL profiles, the equilibrium BL is cloud-topped.
-  16.2 -
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The plots below show the variation of equilibrium cloud base and top as SST and D are varied
for a model similar to that above, taken from Schubert et al. Disregard the dashed lines. For weak
divergence and high SST, typical of conditions further downwind in the mean trade wind circula-
tion, deep BLs are obtained but their cloud base is still only 500-600 m, implying very thick stra-
tocumulus layers. An obvious question is how the cloud-top mixed layer structure breaks up into
the observed shallow trade cumulus boundary layers that are seen.

Timescales

Over land, the strong diurnal cycle guarantees that the daytime convective BL never achieves
a steady state. However, marine CTBLs are closer to a steady state structure. Following a very nice
paper by Schubert et al. (1979, J. Atmos. Sci., 36, 1308-1324), we consider the timescales for the
BL to relax toward a steady state, by rephrasing the mixed layer equations as follows:

Contours of equilibrium well mixed BL top (top) and cloud base (bottom)
as functions of SST and mean horizontal divergence.

Schubert et al. 1979
-  16.3 -
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dh/dt = we - Dh = (heq - h)/τh (6)

∂qtM/∂t = { we(qt
+ - qtM) + CTV(qt0 - qtM)} /h =  (qt,eq - qtM)/τM (7)

∂θeM/∂t = { we(θe
+ - θeM) - ∆RN/ρcp + CTV(θe0 - θeM)} /h =  (θe,eq - θeM)/τM (8)

where the relaxation timescales are

τh = D-1 for BL depth

τM  = h/(we + CTV)  for internal thermodynamic adjustment

For typical values for subtropical Sc-topped mixed layers, D = 5 × 10-6 s-1 , we = 0.5 cm s-1, CTV
= 1 cm s-1, we find that:

τM = (500 m)/(0.5 + 1 cm s-1) = 30,000 s ≈  0.4 days,

τh = 200,000 s = 2.3 days.

The internal thermodynamic state of the BL rapidly adjusts on the time τM to changes in SST and
free-atmospheric properties.  The BL depth relaxes to an equilibrium value on a much longer ti-
mescale τh = 200, 000 s = 2.3 days . During this time, slow thermodynamic changes also continue
as the entrainment rate and the temperature and humidity of the entrained air adjust to the changing
depth of the boundary layer.

The figure below shows the response of a cloud-topped mixed layer to a 2 K step change in
SST. The rapid adjustment of cloud base (i. e. the internal thermodynamic state) to the changed
SST contrasts with the much slower adjustment of cloud top. In this figure, BL changes are envi-
sioned as occuring as the BL air column advects over a changing surface with a fixed wind speed
V = 7 m s-1, so 1 day’s evolution corresponds to a distance of 600 km  In reality, the conditions
following a BL air column are rarely nearly constant over periods of many days, so the BL height
is usually not in equilibrium.

.

Schubert et al. 1979
-  16.4 -
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Diurnal decoupling

Solar absorption in stratocumulus clouds has a large impact on the diurnal cycle of the marine
CTBL.  This was first discussed in detail by Nicholls (1984, QJRMS, 110, 783-820).  The 1987
FIRE-MSC experiment documented the diurnal cycle in Sc 100 km off the California coast. Con-
siderable cloud thinning (a factor of four decrease in liquid water path) and a reduction in cloud
albedo from 50% to 30% is observed during the morning (see figure on next page).  This is not
simply cloud ‘burning off’ due to warming of cloudy air by the absorbed sunlight, resulting in
evaporation of the cloud.  Instead it is mainly driven by a change in the BL turbulent structure
called diurnal decoupling.  To understand this process it is helpful to consider the effect of ab-
sorption-induced heating on the buoyancy flux profile of a mixed layer.  The heating is trying to
stabilize the region below it. Buoyancy fluxes must be more negative (helping keep the subcloud
layer as warm as the cloud) to maintain a mixed layer.

         A decoupled boundary layer near local noon.

The diurnal cycle of cloud albedo (solid) and liquid water path (circles) averaged
over 23 Jun - 15 Jul 1987 at San Nicholas Island off the California coast .
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The top figure above shows nighttime and daytime mixed layer profiles of θvl flux (which is pro-
portional to buoyancy flux below cloud base) visualized as the difference between the total flux
E(z) =  + RN/ρcp forcing θvl and the radiative flux. During the day, cloudtop RN is very small so
E(h) is dominated by the negative contribution of entrainment. This forces a large area, N, of neg-
ative buoyancy fluxes beneath cloud base, that suggests that the mixed layer must break down due
to decoupling.

As the zone of negative buoyancy fluxes below cloudbase expands, transport of TKE becomes
insufficient to sustain convection within this region, and it becomes stably stratified, separating de-
coupled convective layers near the surface (driven by surface fluxes) and within the cloud (driven
by the cloud-top cooling that overlies the absorption heating). An example of a decoupled CTBL
over the summertime N Atlantic around local noon is shown on the previous page. Within the two
convective layers, well-mixed profiles of θe, qt, u, and v are seen, separated by a stably stratified
‘transition’ layer characterized by intermediate values of these quantities.  Mean daytime and
nighttime vertical velocity variance profiles measured by a tethered balloon during FIRE-MSC are

Nighttime and daytime profiles of radiative, θvl-and total enegy fluxes in a mixed layer.

Tethered balloon measurements during three days of FIRE-MSC, 1987,
showing impact of decoupling on vertical velocity variance (Hignett 1991).
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shown above, and illustrate that during the night, the vertical velocity variance is maximum in the
middle of the layer where large-eddy up and downdrafts are maximum, while during the day sep-
arate surface layer and cloud layer maxima exist, indicative of two convective layers separated by
a stable layer with gravity wave activity and perhaps intermittent turbulence.

After decoupling occurs, the cloud mixed layer dries due to entrainment, so the cloud base
steadily rises and the cloud may partly or fully dissipate. The surface mixed layer moistens due to
surface fluxes. ‘Scud’ cloud may start forming at its top, well beneath the main Sc cloud base. The
transition layer is usually conditionally unstable, so more vigorous scud clouds may begin to rise
as cumuli into the upper Sc layer. In shallow coastal Sc, this process is not thought to contribute
significantly to the overall fluxes of heat or moisture, but in deeper CTBLs it becomes of para-
mount importance.

Late in the afternoon, shortwave heating becomes less potent, and the upper mixed layer begins
to cool more rapidly due to longwave cooling. As it cools, it penetrates further back down into the
transition layer and during the evening usually ‘reconnects’ with the surface mixed layer.  When
the two layers reconnect, the cloud rapidly deepens again and a single mixed layer is reestablished.
Turton and Nicholls (1987) presented an elegant simulation of this process in which two mixed lay-
ers are separated by a nonturbulent stable layer. While a mixed layer model (figure below, right)
shows almost no daytime thinning of the cloud (shaded region in upper plot), their model (left) pre-
dicts that the upper mixed layer dries by 0.5 g kg-1 while the  lower mixed layer moistens almost
1 g kg-1, resulting in a 70% thinning of the upper Sc layer while thin scud develops atop the lower
mixed layer. The lower panels show the corresponding diurnal evolution of the conserved variables
in the two models.

Turton and Nicholls (1987) multiple mixed-layer simulation of diurnal decoupling
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Lecture 17.  Dynamics of shallow cumulus boundary layers

General description

The dynamics of cumulus-topped boundary layers is an interplay between surface buoyancy
and moisture input, latent heating and evaporation around the cumulus clouds, radiative cooling,
and precipitation.  The general features of such boundary layers are fairly universal and well un-
derstood, but many of the important details, including how to quantitatively predict the cloud cov-
er and optical properties, remain poorly understood and important parameterization problems.
Oceanic shallow cumulus boundary layers are important because of their enormous areal extent
and climatic importance. Over land, shallow cumulus boundary layers are often precursors to deep
convection, and can play an important role in its timing and location. In addition, even the small
fractional cloud cover of shallow cumuli can have important feedbacks on the evolution of land
surface temperature. Shallow cumulus clouds also vertically mix momentum.

Dynamics of a shallow cumulus BL

We discussed the typical observed structure of a shallow Cu BL in Lecture 14, and identified
four sublayers - a subcloud mixed layer extending up to the cumulus cloud bases, a thin transition
layer, usually identifiable on individual soundings but blurred out in the horizontal mean, a condi-
tionally unstable layer and an inversion layer. It has been many years since a state-of-the-art shal-
low cumulus field experiment has been performed, and LES simulate this type of BL fairly well.
Hence we first present LES simulations of a shallow cumulus ensemble based on a composite
sounding, SST, and winds from a three-day period of nearly steady-state trade-cumulus convection
on 22-24 June 1969 over the tropical west Atlantic Ocean during the BOMEX experiment. During
this period, there were strong easterly trade winds and persistent mean subsidence. Then we dis-
cuss the dynamical balances that maintain this structure. The most comprehensive textbook de-
scription of shallow cumulus convection is Ch. 8 of Cotton and Anthes; there is also some useful,
mainly theoretical, discussion at the end of Ch. 13 of Emanuel’s Atmospheric Convection, (Oxford
University Press, 1994) pp. 443-457.

LES ensemble structure

Figure 1 shows the mean initial sounding of temperature and winds, and model-simulated
sounding after six simulated hours, showing that the models can maintain the observed steady-state
if the combined advective and radiative forcings and the observed surface fluxes are specified.
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This period was chosen for a model intercomparison (Siebesma et al. 2002, J. Atmos. Sci., in press),
so eight LES models were run on the same case. Figure 2 shows the mean cloud fraction vs. height.
The line is the mean, the grey shows intermodel variability (which is pretty small in this case). As
is typical in shallow cumulus ensembles, cloud fraction is small at all levels, and decreases with
height. Due to vertical shearing of the clouds, the fraction of grid columns with cloud is about 15%,
which is larger that the cloud fraction at any height.  ‘Cores’ indicate positively buoyant cloud;
even within the conditionally unstable layer about 50% of the cloud is negatively buoyant as a re-
sult of mixing with the environment and consequent evaporative cooling of the mixed air. This is
also clear in the θv profiles of clouds and cores shown in Fig. 2b. These show that even though the
stratification is much more unstable than a moist adiabat, on average the clouds are only marginally
buoyant. Of course, this is an average over all clouds during all phases of their lifecycle, and small
amounts of nearly undilute air can be found at all levels, helping to form the most buoyant and pen-
etrative cumulus updraft that set the upper limit of the inversion. .

Fig. 2. LES shallow Cu profiles of (a) cloud fraction and (b) θv

Siebesma et al. 2002

Fig. 3.  LES-derived momentum and total water flux profiles.

Siebesma et al. 2002
-  17.2 -



Atm S 547 Boundary Layer Meteorology © Christopher S. Bretherton
The transport properties of the clouds are seen in Fig. 3, which show the LES-derived momentum,
and moisture flux profiles. The momentum fluxes are largest in the subcloud layer, but are signif-
icant in the cumulus layer as well. Most of the moisture evaporated at the surface is fluxed by cu-
mulus clouds into the inversion, where it moistens the above-inversion air being entrained into the
BL. Figure 4 shows the buoyancy flux profile. Beneath the clouds it looks nearly identical to a dry
convective BL, with an entrainment zone at cloud base. The buoyancy flux is positive in the con-
ditionally unstable layer. More surprising, it remains positive even  in the inversion layer, where
the cumuli are overshooting their levels of neutral buoyancy. This is due to sub-cloud scale eddies..

Subcloud layer

Figure 5 shows an idealization of air parcel circuits in a shallow Cu boundary layer. We start
with the subcloud layer.  Typically there is fairly uniform dry convection within this layer with
eddy velocities of less than 1 m s-1, driven by surface buoyancy fluxes associated with air that is
slightly colder than the ocean surface. Within the subcloud layer, the circuit of θv shows slight ra-

Fig. 4. LES-derived buoyancy flux profile.

Siebesma et al. 2002

Figure 5..  Parcel paths in a shallow Cu BL capped by thin Sc.

Bretherton 1997
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diative cooling both as air ascends in the updraft and descents in the downdraft. The air experienc-
es moistening and slight warming by surface fluxes and drying and slight warming by entrainment
of warmer air at the top of the subcloud layer.

Transition layer

The top of this dry convection zone is marked by the weak stable transition layer (marked by
a θv increase of a few tenths of a K), which is near the cumulus cloud base. Most of the convective
updrafts in the subcloud layer do not have sufficient inertia and buoyancy to penetrate through the
transition layer; this is indicated by separating the branch of the circulation that goes up into cu-
mulus clouds from the subcloud layer circuit. In fact, it is useful to think of the transition layer as
a ‘valve’ which regulates the number of cumuli so as to keep the top of the subcloud mixed layer
close to the cumulus cloud base. This valve is subject to very rapid feedback. Were the transition
layer initially above the mean LCL of subcloud air , many updrafts would form clouds on top, and
the resulting latent heating would allow these updrafts to penetrate the transition layer to form cu-
muli. In order for lots of mass to ascend in these cumuli, a comparably large amount of mass would
have to descend around the clouds (‘compensating subsidence’), bringing down higher θv air from
the upper part of the cumulus layer. This would lower and strengthen the transition layer inversion.
On the other hand, were the transition layer initially well below the mean LCL of subcloud air, then
no updrafts could become saturated before they become negatively buoyant. The subcloud layer
would then deepen rapidly due to entrainment (a typical subcloud layer entrainment rate is about
1-2 cm s-1) until the tops of updrafts start developing into Cu clouds. In equilibrium, the transition
layer regulates the mass flux from the subcloud layer vented into Cu to roughly balance entrain-
ment such that the top of the subcloud layer remains close to its LCL.

Conditionally unstable layer

Inside active cumuli, air rises vigorously through the conditionally unstable layer in turbulent
updrafts of 1-5 m s-1 . Outside the cumuli, air is slowly subsiding (indicated by downward arrows
in the circuits of qt and θv) at an average rate of  around 1-2 cm s-1 and is considerably drier than
the cumulus updrafts. Mass balance implies that the cumulus updrafts comprise only about 1% of
the total area at any height. Lateral entrainment of the drier ambient air by the updrafts decreases
their mean qt as they rise.  Many smaller cumuli may never reach  the top of  the cumulus layer.
These cumuli detrain moist air into the lower and middle parts of the cumulus layer, moistening
the subsiding air slightly as it descends. Penetrative entrainment by cumuli mixes in warm dry air
from within the inversion layer, so that the air detrained from the clouds (from which the subsiding
branch of the circulation is composed) is much drier than the updraft air before it begins to subside.
The resulting evaporation of cloud water also makes the detrained air less buoyant than the cloudy
updrafts. As the air subsides, it cools radiatively, creating a stratification of θv.of around

dθv/dz ≈ (radiative cooling rate)/(subsidence rate) ≈ (2 K/105 s)/(1-2 cm s-1) = 1-2 K/km

This is less than the moist adiabatic lapse rate, maintaining conditional instability within the cumu-
lus layer.

 When the subsiding air reaches the cumulus cloud base, it is entrained back into the much
moister subcloud layer. The typical circulation time for air to rise a height of 1 km or so within a
cumulus cloud, then sink back to the subcloud layer is

τCu = 1 km/(1-2 cm s-1) = 0.5-1×105s ≈ 0.5-1 day
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This is much longer than the 20 minute circulation time of a typical stratocumulus-capped mixed
layer.

Capping Inversion

In a Cu-topped BL the capping inversion is be a stably stratified layer up to 500 m thick, over
which θv increases by 1-5 K. Air subsiding into this inversion is subject to penetrative mixing with
the most vigorous Cu updrafts. A spectrum of mixtures is created, all of which are cooler than the
ambient inversion air due mainly to evaporative cooling. The most dilute of these mixtures remain
within the inversion layer, causing a systematic cooling and moistening of air lower in the inver-
sion layer, while the more strongly cooled mixtures detrain below the capping inversion.

Role of radiative forcing

Over land, the dominant thermodynamic forcing for shallow cumulus convection is surface
buoyancy fluxes, augmented by latent heating within the cumulus clouds.  Over the oceans, long-
wave radiative cooling within the boundary layer is often dominant. Shallow cumulus clouds have
a typical fractional sky cover of 10-30% and a cloud fraction which is largest near the cloud base.
Longwave cooling is due both to clear air and cloud sides and tops at various heights within the
BL, and is distributed fairly uniformly throughout the BL, typically with cooling rates of 2 K day-1

or so in the subtropics, if there is no overlying stratiform cloud. Over the midlatitude and colloer
subtropical oceans, where the capping inversion is stronger, shallow cumuli are commonly over-
lain by a thin, possibly patchy stratocumulus layer. In this case, there is a strong radiative flux di-
vergence (cooling) at the stratocumulus cloud top and little flux divergence lower in the BL. In
both cases, shortwave absorption in the clouds and clear air reduces the cooling somewhat during
the day, so convection tends to be a little more vigorous at night.

For a 500 m deep boundary layer, the net diurnally averaged radiative flux divergence would
typically be around 40-50 W m-2, and 10 W m-2 if there is no cloud, so cloud greatly increases the
overall BL cooling.  For a 2 km deep BL typical of subtropical trade wind cumulus regimes, the
typical flux divergence would be 40-50 W m-2 with or without cloud on top.  For the deeper BL,
cloud alters mainly the distribution of cooling within the BL, not the total amount. By comparison,
surface virtual heat (buoyancy) flux tends to be only about 10 W m-2 over the subtropical oceans,
while (though latent heat fluxes are 100-200 W m-2).

Shallow Cu layers topped by Sc

Large regions of the ocean are covered by CTBLs intermediate between the Sc-topped mixed
layer and the shallow Cu BLs. These BLs have a layer of Cu rising into patchy Sc. This structure
is favored when the Cu layer is less than 1 km deep. In this case, the Cu updrafts tend to be less
vigorous, limiting penetrative entrainment and there is less depth for them to be diluted by lateral
entrainment, so the air detrained by Cu beneath the trade inversion is moist and still contains liquid
water.  Thus, the Sc are formed due to detrainment of liquid water from the Cu.  Hence, this type
of BL is sometimes called cumulus-coupled. The main modifications to the circulation compared
to a pure shallow Cu BL are due to the radiative effects of the Sc. First, the strong radiative cooling
atop the Sc helps induce turbulence within and below the Sc layer and adds a component of  en-
trainment into the BL by the Sc. Second, there is little radiative cooling below the Sc to cool sub-
siding air.  Hence, the stratification in the Cu layer tends to be very weak. This permits the
radiatively driven turbulence induced by the Sc to extend well below the cloud layer. In fact, it is
common to see a nearly well-mixed thermodynamic profile from the inversion down nearly all the
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way to the transition layer, with a jump of 1-3 g kg-1 in mixing ratio across the transition layer.
This structure cannot persist if the BL is deeper, because it is highly conditionally unstable.

Hence, if the BL is deep, the Cu updrafts would become very vigorous, forcing extensive penetra-
tive entrainment of dry air from above the inversion, and evaporating the Sc layer.  Wyant et al.
(1997, JAS) demonstrate this feedback in a numerical model simulation. A conceptual model of
the entire transition from subtropical stratus to cumulus capped CTBLs is presented in Figure 6.

Fig. 6.  A conceptual model of the subtropical stratocumulus to trade Cu transition

Fig. 7. Parameterized view of shallow Cu BL. Fig. 8. LES shallow Cu core mass flux profile
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Mass-flux parameterization  of shallow Cu

A common approach for parameterizing shallow cumulus boundary layers is to treat the cloud
ensemble as one aggregate homogeneously mixed plume that laterally entrains and detrains at each
height (Fig. 7). Some parameterizations use ensembles of plumes to better represent the spectrum
of observed cloud sizes; others consider a spectrum of mixtures that can be created by mixing up-
draft air with environmental air, and incorporate only sufficiently buoyant mixtures into the plume
while detraining the rest (‘buoyancy sorting’). A single entraining/detraining plume seems to cap-
ture the fluxes transported by a shallow convective layer fairly well. By looking at profiles of cu-
mulus updraft mass flux (Fig. 8) and the dilution of an average cloud with height (fig. 2b) one can
diagnose the required entrainment and detrainment rates from LES (Siebesma and Cuijpers, J. At-
mos. Sci., 1995 ).

Fig. 9.  Aerial view of BOMEX trade Cu and LES simulation of BOMEX cloud field.
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