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5. (a) What is the mathematical expression that describes the probability that a droplet

will capture a smaller droplet during a unit time interval? Label each factor.

(b) Why does this probability increase rapidly as the collector drop radius increases?

(c) The attached plot shows the coalescence growth of several individual droplets, all

originally 20 µm in radius. They are collecting smaller droplets of 10 µm radius. What

does this plot tell you about:

(i) The average time to grow from 20 to 30 µm radius versus the average time to grow

from 30 to 100 µm radius?

(ii) The range of times to grow from 20 to 30 µm radius versus the range of times to

grow from 30 to 100 µm radius?

Answer:
(a) P (R, r)dr = π(R + r)2[u(R) − u(r)]E(R, r)n(r) dr where π(R + r)2[u(R) − u(r)]
is the volume swept out by the larger droplet per unit time, E(R, r) is the collection

efficiency, and n(r) is the number concentration of smaller droplets of with radius

between r and r + dr.
(b) For droplets with radius up to about 30 µm, u(R) ∼ R2, so P (R, r) ∼ R4.

(c) (i) On average it takes about 1.25 h to grow from 20 to 30 µm, and about 0.5 h

to grow from 30 to 100 µm.

(ii) The range of times is the same (about 2 h). This range is determined by the

variability in the time to grow from 20 to 30 µm. There is relativel little variability

in the time to grow from 30 to 100 µm.
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230 Cloud Microphysics

(d) Stochastic collection. In the continuous collec-
tion model, it is assumed that the collector drop
collides in a continuous and uniform fashion with
smaller cloud droplets that are distributed uni-
formly in space. Consequently, the continuous col-
lection model predicts that collector drops of the
same size grow at the same rate if they fall through
the same cloud of droplets. The stochastic (or statis-
tical) collection model allows for the fact that colli-
sions are individual events, distributed statistically
in time and space. Consider, for example, 100
droplets, initially the same size as shown on line 1 in
Fig. 6.24. After a certain interval of time, some of
these droplets (let us say 10) will have collided with
other droplets so that the distribution will now be
as depicted in line 2 of Fig. 6.24. Because of their
larger size, these 10 larger droplets are now in a
more favored position for making further collisions.
The second collisions are similarly statistically dis-
tributed, giving a further broadening of the droplet
size spectrum, as shown in line 3 of Fig. 6.24 (where
it has been assumed that in this time step, nine of
the smaller droplets and one of the larger droplets
on line 2 each had a collision). Hence, by allowing
for a statistical distribution of collisions, three size
categories of droplets have developed after just two
time steps. This concept is important, because it
not only provides a mechanism for developing
broad droplet size spectra from the fairly uniform
droplet sizes produced by condensation, but it also
reveals how a small fraction of the droplets in a
cloud can grow much faster than average by statisti-
cally distributed collisions.

The growth of drops by collection is also accel-
erated if they pass through pockets of higher than

average LWC. Even if such pockets of high LWC
exist for only a few minutes and occupy only a few
percent of the cloud volume, they can produce
significant concentrations of large drops when aver-
aged over the entire cloud volume. Measurements
in clouds reveal such pockets of high LW (e.g.,
Fig. 6.10).

Much of what is presently known about both
dynamical and microphysical cloud processes can
be incorporated into computer models and numer-
ical experiments can be carried out. For example,
consider the growth of drops, by condensation and
stochastic collisions, in warm cumulus clouds in
typical marine and continental air masses. As
pointed out in Section 6.2, the average droplet sizes
are significantly larger, and the droplet size spectra
much broader, in marine than in continental cumu-
lus clouds (Fig. 6.7). We have attributed these differ-
ences to the higher concentrations of CCN present
in continental air (Fig. 6.5). Figure 6.25 illustrates
the effects of these differences in cloud microstruc-
tures on the development of larger drops. CCN
spectra used as input data to the two clouds were
based on measurements, with continental air having
much higher concentrations of CCN than marine air
(about 200 versus 45 cm!3 at 0.2% super-satura-
tion). It can be seen that after 67 min the cumulus
cloud in marine air develops some drops between
100 and 1000 "m in radius (i.e., raindrops), whereas
the continental cloud does not contain any droplets
greater than about 20 "m in radius. These markedly
different developments are attributable to the fact
that the marine cloud contains a small number of
drops that are large enough to grow by collection,
whereas the continental cloud does not. These
model results support the observation that a marine
cumulus cloud is more likely to rain than a conti-
nental cumulus cloud with similar updraft velocity,
LWC, and depth.Line 1

Line 2

Line 3

100

1090

81 18 1

9
9

Fig. 6.24 Schematic diagram to illustrate broadening of
droplet sizes by statistical collisions. [Adapted from J. Atmos. Sci.
24, 689 (1967).]
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Fig. 6.25 Numerical predictions of the mass spectrum of
drops near the middle of (a) a warm marine cumulus cloud
and (b) a warm continental cloud after 67 min of growth.
(B. C. Scott and P. V. Hobbs, unpublished.)
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6. For the conditions described, calculate the rates of growth (dR/dt) due to (a) conden-
sation and (b) collection (of smaller droplets that are 10 µm in radius), for R = 10, 20,
30, and 40 µm, and plot dR/dt versus R for each process. Estimate the droplet radius
for which the rates of growth are equal.

The supersaturation is 0.2 percent, T is 10◦C, p is 800 hPa, and the liquid water
content of the smaller droplets is 1 g m−3.

For condensation growth, neglect curvature and solute effects. For the given T and p,
the growth parameter 1/[Fk + Fd] = 100 µm2 s−1.

For coalescence growth, assume that R � 10µm, that the collection efficiencies are
0, 0.17, 0.37, and 0.55, for R = 10, 20, 30, and 40 µm, respectively, and that Stokes’
Law is applicable so that the droplet fall speed is u(R) = k1R2, with k1 = 1.2 × 106

cm−1s−1.

Please provide the two growth equations.

Answer:
For condensation growth:

r
dr

dt
=

S − 1

[Fk + Fd]
.

For coalescence growth:
dr

dt
=

EM

4ρL
u(r),

where M is the LWC and ρL is the density of liquid water.
The table below lists dr/dt for condensation and collection in units of nm s−1. The
rates are equal at about 27 µm.

R E Cond Coll
10 0 20.0 0.0
20 0.17 10.0 2.0
30 0.37 6.7 10.0
40 0.55 5.0 26.4
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