
using
φbefore ent = φ (25)

and

φafter ent =
mφ + ∆m φe

m + ∆m
. (26)

Substitution of (25) and (26) into (24) gives

�

−dφ

dp

�

entrainment

= lim
∆p→0

1

m + ∆m

∆m

∆p
(φ− φe)

=
1

m

dm

dp
(φ− φe)

= −λ̂(φ− φe).

By applying (23) to θ, w, and l, we obtain

D̂θ = −λ̂(θ − θe), (27)

D̂w = −λ̂(w − we), (28)

D̂l = −λ̂(l − le) = −λ̂l. (29)

In cumulus clouds, the fractional rate of entrainment, λ ≡ (1/m) dm/dz, ranges
from about 0.1 km−1 to 2 km−1. Cloud-top height is largely determined by λ: deep
clouds are associated with small values, and shallow clouds with large values. Field
studies suggest that λ ∼ 0.2/R, where R is the cloud radius.

5 Parcel Vertical Velocity

Equation (4) for the parcel vertical velocity neglects the vertical perturbation pres-
sure gradient acceleration, which can be significant. We will include and then param-
eterize this acceleration. The complete equation for the parcel’s vertical acceleration
that was presented in section 1 is

dW

dt
= −cpθ̄v

∂π1

∂z
+ g

�
θ − θ̄

θ̄
+ 0.61(w − w̄)− l − r

�

+ DW ,

or in abbreviated form,
dW

dt
= P + B + DW . (30)
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The rate of change of W due to entrainment is

DW ≡
�

dW

dt

�

entrainment

= − 1

m

dm

dt
W

if the entrained air has zero vertical velocity.
It is desirable to convert the time derivatives to height derivatives using W =

dz/dt. We obtain
dW

dt
=

W dW

W dt
= W

dW

dz
=

1

2

dW 2

dz
and

dm

dt
=

W dm

W dt
= W

dm

dz
,

so that

DW = − 1

m

dm

dt
W = − 1

m

dm

dz
W 2 = −λ W 2,

where

λ ≡ 1

m

dm

dz
.

Equation (30) becomes
1

2

dW 2

dz
= P + B − λ W 2. (31)

To apply (31) to a parcel, we need to parameterize P , the vertical perturbation
pressure gradient acceleration. P is primarily produced by the parcel’s motion rel-
ative to the air around it, and acts to decelerate the parcel’s motion relative to the
fluid, and is therefore often called form drag. Form drag arises because of the form
of the object. The general size and shape of the body is the most important factor in
form drag: bodies with a larger apparent cross-section will have a higher drag than
thinner bodies. Form drag increases with the square of the parcel’s speed.2 There-
fore, form drag is often parameterized by increasing the entrainment term, which
also increases with W 2. A vertical perturbation pressure gradient acceleration is
also produced directly by buoyancy (that is, even without any parcel motion) that
opposes the buoyancy acceleration, B. This contribution to P is often parameterized
by reducing B. If we include both of these parameterizations in (31), the result is

1

2

dW 2

dz
= aB − b λ W 2. (32)

The values used for a range from 1/3 to 1, while for b, 2 has been widely used.

2http://en.wikipedia.org/wiki/Parasitic drag#Form drag
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